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PDG 2016

Individual determinations
differ beyond estimated
errors

0.125f < PDG (all)
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(11)
PDG, pheno: 0.1175(17)
FLAG2: 0.1184(12)

(12)

FLAG3: 0.1181(12

PDG, lattice: 0.1187

to be confirmed



before we compute the QCD coupling
we should define it

... at least when we talk about a
non-perturbative computation



Definition of QCD coupling (an example)

r=lx-y]

3r? 1 ;‘ {,
— -
Olgqq (1) = A Fog(r), n= - 0 Q
Y A




Definition of QCD coupling (an example)

r=|x-y
3r? 1 * J
Qgq (1) = 1 FQQ(T)a M:; g = g
Y A
then N
qq (1) = aypg(p) + crags () + - - ! !

T \perturbatively defined

always by such relations
(non-perturbatively)
defined makes sense for a < 1

physics!



Definition of QCD coupling (an example)

r=[x—yl|

3 1 * Y
Qlgq (1) = 1 FQQ(T)a M:; g = g
Y A

then NN

Qqq (i) = agpg (i) + 010412\4—8(/0 + ... ! g A

T \perturbatively defined
always by such relations
(non-perturbatively)
defined makes sense for o <1
physics!

There are many definitions. Equivalent at small «.



QCD coupling, energy dependence
g,

RGE: uzfE = pB(g) g(n)? = 4ma(p)
8@) =° -8 {bo+ bz’ + bt +...)
bo = Gy (11— 5N)

Asymptotic freedom

u = energy = physical



QCD coupling, energy dependence

: 0.
RGE: ugE = () g(n)? = dma(p) ‘

B(g) <7~ {bo+ b1g® + bt + ...}
bo (11 — 2Ng)

(4 (4m)?

A-parameter (g = g(1)) = Renormalization Group Invariant log(u)
— Intrinsic scale of QCD = integration constant of RGE

2 _2 g
AN = ,u(bog2)_b1/2boe_1/2bog exp{/ dg[ﬁ(g) | bog ]}
0

g=g(p)




QCD coupling, energy dependence

2"
RGE: 38 = (@) B(uf = dral)
B(g) <7~ {bo+ b1g® + bt + ...}
bo @y (11— 5N)
A-parameter (g = g(1)) = Renormalization Group Invariant log(u)
— Intrinsic scale of QCD = integration constant of RGE
N M(bog_Z)—b1/2bSe—1/2bo§2 exp {/g dg[ﬁ(g) | bog ]}
0

singular behavior



QCD coupling, energy dependence

2"
RGE: 38 = (@) B(uf = dral)
8(g) <7 2 {bo+ big + bagt + ...
bo @y (11— 5N)
A-parameter (g = g(u)) = Renormalization Group Invariant log(u)
— intrinsic scale of QCD = integration constant of RGE
N M(bog_Z)—b1/2b§e—1/2bo§2 exp {/g dg[ﬁ(g) | bog ]}
0

singular behavior convergent for g -> 0



QCD coupling, energy dependence

2"
RGE: 38 = (@) B(uf = dral)
B(g) <7~ {bo+ b1g® + bt + ...}
bo @y (11— 5N)
A-parameter (g = g(1)) = Renormalization Group Invariant log(u)
— Intrinsic scale of QCD = integration constant of RGE
N M(bog_2)—b1/2bge—l/2bo§2 exp {/g dg[ﬁ(g) | bog ]}
0

g=0us > A=A7Ays: §=Gagqg =7 A= 1Aqgq
Asrs/Aqq = exp (c1/(2bo))



QCD coupling, energy dependence

- 92
RGE: ugE = () g(n)? = dma(p)

B(g) <7~ {bo+ b1g® + bt + ...}
bo (11 — £Ng)

(4 (4m)?

A-parameter (g = g(1)) = Renormalization Group Invariant log(u)
— Intrinsic scale of QCD = integration constant of RGE

2 -2 g
P Ay U TR,
0

G§=0ys > N=Ags, G=0qq 7 A=Ay
Asts/ANqq = exp (e1/(20o))

Qqq(p) = ayg(p) + Clo‘iTS(M) T

A is the goal, relative uncertainty: ko™ for n+1 - loop A(g)



An aside:

Perturbative but not short distance?

Perturbative = short distance!



Summary of the principle

RT(‘, ro
EXp. RKZr; Important to control
R perturbative errors
,prot
by high orders in PT
4 and large
Lattice ge u
afl%nt (,LL) y M= PMMprot
Pert. Theory | Phenomenology

(e.g. LHC)

ogs(p)  or Ay



Summary of the principle

- Rz prot EUCIidean
XP. LK prot
D, prot IS an
advantage
Lattice PT works
ag (1) 1= pMprot
Pert. Theory | Phenomenology

axg(p)  or Ay (e.g. LHC)



Compare to phenomenology

Exp. DIS Important to control

Rtau non-perturbative
/ “effects”

MC génerators
jet algorithms Important to control

fits to PDFs perturbative errors

Pert. Theory |

ayg(p)  or  Ags

LHC



Compare to phenomenology

Move to Euclidean
by smearing, moments
inclusiveness

MC generators
jet algorithms Important to control

fits to PDFs perturbative errors

Pert. Theory

ayg(p)  or  Ags

LHC



Limitations of lattice computations RG2013

Observable with energy/momentum scale p
O(p) = lir% Olat(a, p) with p fixed
a—
avoid finite size and discretization effects

L > hadron size ~ AééD and 1/a> u

or Ll
L/a>> p/Aqep ' _
U

n <& L/iax Aqgep ~ 5 —20GeV

\ ,
1 — 3GeV at most, in conflict with % ~ {a(u)}"
a challenge!




Our Strategy to meet the Challenge ALPHA

Collaboration

finite volume: u=1/L, with L/a » 1 get y2a2 <« 1 for any u

step scaling

Same

same L

/
N\

Sadme

but

needs L/a » 1, not more:

g2(2L,a/L)

g2(2L,a’/L) =
g2(2L,1/6)

ﬂ extrapolate

g2(2L,O) continuum



Our

| USC
| USC
| USC

Strategy

finite volume: u=1/L, L/a > 1 atany u

step scaling function: §2(2L) = o(

her, Weisz, Wolff, '91
her, Narayanan, Weisz, Wolff, '92

her, Sommer, Weisz, Wolff, '94
ALPHA

Collaboration

(g9?

ALPHA

Collaboration

11 >.(2 L
i (2w, 0/ )

g° (L)) =
>(2,u,1/4)

g%=u
2(2,u,1/6)

g°=u

(g9)?




Running to (almost) any scale non-perturbatively



Running to (almost) any scale non-perturbatively
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Running to (almost) any scale non-perturbatively
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Now: Nt=3 (hadronic world and running) ALPHA
with up, down, strange; others decoupled

two different schemes

Gradient flow Schrodinger functional
200 MeV « 8 GeV 4 GeV + 200 GeV
6 - 2.3 ngEIimafoi%a/g’uEvé) R
7 x s
5l 2.2+ i

/5’
4_ . 21 ©
20 (a/L)
3 /
2 Pon (L) (x> Gér (Lewi)
1 ° o ‘o

10 100 1000 /A



Now: Ni=3 (hadronic world and running) ALPHA

with up, down, strange; others decoupled

Collaboration

two different schemes

Gradient flow Schrodinger functional

200 MeV « 8 GeV

4 GeV « 200 GeV

high precision in MC high precision at small g
significant a2 effects small a-effects
PT not yet known 3-loop B-function

2-loop a-effects
| Uscher, 2010 |_Uscher, Weisz, Wolff, 91
|_Uscher, Weisz, 2011 |_Uscher, Narayanan, Weisz, Wolft, '92
~ritzsch, Ramos, 2013 | Uscher, Sommer, Weisz, Wolff, '93

Sint '93



Continuum limit a(g?)= 2(g2,0) in small g2 region
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x2 of global fits is good - continuum limit is precise

constant continuum extrapolation has larger errors
due to propagation of boundary improvement error



Determination of A Lo

((((((

step scaling (from up=2.012)

g°(1/Lg) = ug, up=o0(ury1), mnon-pert
L()A — 2ngppert( /_un) 0u(Gs) = (bog?) "/ 2031/ (2005)

gs
1 1 b1
— |4 _
xexp{ / x [55(33) + boz? b%x]}
0




Determination of A Lo

step scaling (from up=2.012)

I T o0 1000 @A
G°(1/Lo) =up, up =o0(upp1), non-pert
L()A — 2ngppert( /_un) 0u(Gs) = (bog?) "/ 2031/ (2005)

1 1 Xexp{ofdx [ 1$)+501$3b[)21]}
relation — == —V7 through Q(u,a/L) =0]2(1)=0 w(u) = Q(u,0)
)

2
g 9 w(2.012) = 0.1199(10)

repeat step scaling for different v < different schemes



Determination of A Lo

step scaling (from up=2.012)

G°(1/Lo) =up, up =o0(upp1), non-pert
LoA = 2n90pert(’\/ un) 05(35) = (bogy) /P 1/Ghom)
gs bl
! . xexp{()/dx[ 1x)+bolx3b2]}
relation — == —vo through Q(u.a/L)=7]g@)= wlu)=Q(u,0)
)

2
g 9 w(2.012) = 0.1199(10)

repeat step scaling for different v < different schemes

use r, = A/AV _ e—I/X]_.25516 oxact

N\ independent of v, n ? < excellent check of accuracy of PT



Results for A Lo

fit Un i L _ nff) ne  LgA bgﬁ x2 d.o.f.
e x100 X (4m)*
A 1.193(4) 0 § 2 1 3.04( 8) 14.7 16
B 1.194(4) 1 6 2 1 3.07( 8) 14.2 16
C 1.193(5) 2 6 2 1 3.03( 8) 14.5 16
D 1.192(7) 2 6 2 2 3.03(13) 14.5 15
E 2 6 2 1 3.000(11) 4(3) 14.6 16
F 2 8 11 3.01(11) 4(3) 127 9
G 1.191(11) 2 8 0 2 3.02(20) 13.0 9
H 1 6 2 1 3.04(10) 3(3) 14.1 16
fit v 1 % _ ngL) ne  LoA bgl’cfy x2 d.o.f
e x100 X (4m)*
H —0.5 1 § 2 1 3.03(15) 11(5) 104 16
H 03 1 6 2 1 3.04(10) 0(3) 200 16

TABLE I. Results for v = 0 in the upper part.

all results agree when PT is used at

a=0.1

what happens at larger a 7

s(Gs) = (bog?) 0/ (20)e=1/(2b0T)

1

b1

gs
1
xexp{O/dx lﬁs(x) —I—b

01,3

72
bgx

J



coefficient in 8
instead of polynomial in u

Resulis fOI’ N\ LO fit a(u) with a 4-loop

fit Un i L _ nff) ne  LgA bgﬁ x2 d.o.f.
e x100 X (4m)*
A 1.193(4) 0 § 2 1 3.04( 8) 14.7 16
B 1.194(4) 1 6 2 1 3.07(8) 14.2 16
C 1.193(5) 2 6 2 1 3.03(8) 14.5 16
D 1.192(7) 2 6 2 2 3.03(13) 14.5 15
E 2 6 2 1 3.00(11) 4(3) 14.6 16
F 2 8 1 1 3.01(11) 4(3) 127 9
G 1.191(11) 2 8 0 2 3.02(20) 13.0 9
H 1 6 2 1 3.04(10) 3(3) 14.1 16
fit v 1 % _ n,(oz) ne  LoA bgffy x2 d.o.f
e x100 X (4m)*
H —0.5 1 6 2 1 3.03(15) 11(5) 104 16
H 03 1 6 2 1 3.04(10) 0(3) 20.0 16

TABLE I. Results for v = 0 in the upper part.

all results agree when PT is used at %@S):<bog§>—bl/@;@e—l/@bo@@
_ : 1 1 by
C(—O1 xexp{o/dx lﬁs(x)+box3b%x]}

what happens at larger a 7




Results for A Lo

T T T 1 T T 1 T T 1 — T T T [ T T T T [ T T T 1 I —
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0.030 .- 1 | .
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I N I N I Y I I N N Sy I S Y MO SO N e
0 0.005 0.01 0.015 0.02 0.025 0.03
a2(1/Ly)
3 % accuracy?
—2 —2
yes, at a=0.1 ! U(u) — g (QL) when g (L) = U

take a more precise look: w(u)



Results for w

0.14
3 0.13
0.12

0.11

dy,...,dy
dq,...,ds

—— two-loop PT

N N T N O N S N

T N T N N N N N A

0.02 0.04

0.

x x [ |
06 0.08 0.1 0.12
a(1/Ly,)

deviation from PT at uo (a=0.19):

(w(g?) —v1 — v2g7) /1 = —3.7(2) a”

not small, not perturbative

statistically very significant




Now: Gradient flow scheme ALPHA

Collaboration

two different schemes

Gradient flow Schrodinger functional
200 MeV « 8 GeV 4 GeV + 200 GeV
6 - 2.3 ngEIimaio\ika/g,uEVVé) R
7 x s
5l 2.2+ i

/i/
4_ . 21 ©
20 (a/L)
3 /
2 Pon (L) (3 Gér (Lewi)
1 ° o ‘o

10 100 1000 /A



Continuum limit a(g2)= 2(g2,0) in large g2 region
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x? of global fits is good - continuum limit is precise



Results (1): the non-perturbative B-functions

| ~ M | | ~ M. | | ~ 200MeV
|
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_Oop — m— .
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. 1 - N Collaboration ]
| 0
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Results (1): the non-perturbative B-functions

| | | | | |
0O —m— — —— — §\T | %—%oop u _
— Oop — m— .
— Schrodinger Functional s
radient Flow s _

ArLPHA

Collaboration

—0.15

3-loop Iis accurate —0.2 \

. . \ ]
INn this scheme 0.95 \




Results (1): the non-perturbative B-functions

0 b — — _ _ _ L A A ! ! %—%Oop [ A j
- Oop — am—
B— Schrodinger Functional s
—0.5 radient Flow s _

3-loop Iis accurate
In this scheme

—0.15

—0.2

—0.25

ArLPHA

Collaboration

NP ~ 1 loop
not 2 loop




Preliminary result for

(3) _ :
AM S 351 ( 1 4) MeV Lagnz/(2Lo)

a5 (my) = 0.1191(10)

quantity value error relative error comment
AL 0.0791 0.0021 0.026 arXiv:1604.06193
1 0.0080 0.0080
s(11.31,2.6712) 10.895 0.170  0.0156
ty e /L1131 0.1507  0.0015  0.0099
toelz [GeV]  1.3524 0.0126  0.0093 symmetric
AT [GeV]  0.351 0012 0.034 11. 6. 2016
a(myz) 0.1191 0.0008 0.007 no conversion error
AP [GeV] 0336 0.019 FLAG3

using 3-flavor theory (decoupling)

e at present no error from conversion from

3 flavors to 4 to 5:

negligible uncertainty, assuming estimate from

perturbation theory



Conclusions

errors of (asymptotic) series expansions are difficult to
assess

at a=0.2: we have examples where a=0.2 does not lead to
an accurate perturbative result

— more generally, this may be a reason for differences

in determinations in a(m;)

— also a warning for some uses of PT in flavor physics

at «=0.1: PT is accurate
* SSF technology allows to get there

* very accurate predictions for LHC (if matching is accurate)



Conclusions

errors of (asymptotic) series expansions are difficult to
assess

at a=0.2: we have examples where a=0.2 does not lead to
an accurate perturbative result

— more generally, this may be a reason for differences

in determinations in a(m;)

— also a warning for some uses of PT in flavor physics

at «=0.1: PT is accurate
* SSF technology allows to get there

* very accurate predictions for LHC (@woatching is accurate)

EFT (N+=3 < N¢=6)




Thank you



Backup



Change of N

Nq — 4’ Nl — 3
\ ‘ ‘ ‘
13 N 6 \\ MC/A
% o004l | :
b S
g
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Dﬂ é ”———- ————— -
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/ ---4 IOOp q;;). 8 loop
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Figure 6: The mass-dependence P at 1-loop formula and at 4-loop (left) as well as 2,3,4-loop
correction normalised to the 1-loop approximation (right) for the case Nq =4, N} = 3.

(N:—1)
P = A
A (Ve)

it Is harmless in perturbation theory



The SF scheme - basic definition

M. Lﬁschér, R. Narayanan, P. Weisz, and U. Wolff, Nucl.
Phys. B384, 168 (1992), arXiv:hep-lat/9207009 [hep-lat].

M. Liischer, R. Sommer, P. Weisz, and U. Wollff, hep-lat/9309005

Dirichlet bc’s
Ak(x)‘ZIZo:O — Ck(nay)v Ak('CC)‘:Uo:L — 012(77»”)

- %[diag(—ﬁ/S, 0,7/3) + n(As + vAs)

(A
= E[dlag(—w,w/S, 2m/3) — n(Ag — vA3z)].
127 1

(OnSln=0) = ? — 1277[g_2 — v ]

Ch

Cr

similar to Casimir effect

non-perturbative definition of background field (BF)
= classical solution with these Dirichlet bc’s
spatially constant, abelian

each value of IV : a different scheme



The GF scheme - basic definition

dB, (t
MCZ(t,a:) = D,G,,(t, ), B,(0,z) = A,(x)

G, (tz)=0,B,—0,B,+ |B,, B,
ger(1/L) = PN~ (e)(tr [Gyj (0, t)Gij (o, t)]

8t=cL;xo=T/2




Continuum limit of 2 Ni=3 from now on

1.22
1.20 |
J; S 3 s
s 1.18F*
~ i
- i [)
S 116 E N
S B
A IR ——
1.14 *§ I —% (3
:*E‘ ****** () T
112+« = 2 5
o+ = —3 s
1.10*® * ) =
““““““““““““““““

linear in a/L discretisation errors suppressed by Symanzik
improvement (boundary terms)

* 2-loop coefticients

* In weak coupling region

* taking 1 + c1g2+ (C2+ Cc2) g* (g=Qo)
extrapolate with O( (a/L)?)



Properties of the scheme

Agtatg2 = s(a/L)g:+0(g%). good accuracy for small g

no =t ;=2 renormalons (infrared cutoft)
iInstead: secondary minimum of the action

exp(—2.62/a) ~ (A/p1)**

3-loop B
(47)° X by, = —0.06(3) — v x 1.26, (N = 3)

small discretisation effects (a*at LO PT)
we also subtract them including 2-loop terms
[hep-1at/9911018 Bode, Weisz, Wolff]

but O(a) discretisation effects due to boundary terms



Continuum limit of 2

Y(u,a/L)/u

1.22
1.20 |
J; S 3 s
118 | *
i [}
T ¥
1.14 e T —* =
:*E‘ & T
112+« = 2 5
o+ = —3 s
1.10*® * ® =
““““““““““““““““
0 0.005 0.01 0015 0.02 0.025 (q/L)2

use perturbative improvement (i=1,2)

and global fit

with

>0 (u,a/L) =

2(u,a/L)
1+ 22:1 Ok (a/L) u*

)

S0 (u,a/L) = o, (u) + py) (u) (a/ L)

n/(ol)
) =Y
k=1

(1)  i+1+k

v

kU

3
ooy (u) =u+u’ Z spu”
k=0



Continuum limit of 2

was also tested carefully in pure gauge theory

g%(2L) -
3.7 :— EZ(L)=2.4484 1 —: Iwasaki, 1-|p Ct
3.6 [ } ; 1 W, 1-pa
35 [ { { ﬁ ¢ -
L E :::::::Z{;{_::::%::;::::::::::::E:::::::::::::éx 1 plag, 2-pa:
E | ] ] ] | ] ] ] | ] ] ] | ] ] ] E

0 0.02 0.04 0.06
(a/L)?

Figure 8: A test of the continuum extrapolations with different actions
for Ny = 0. The data from top (triangles) to bottom (open circles) are
for the Iwasaki, the tree level Liischer Weisz and the Wilson gauge
action. Both the boundary improvement of the action and the im-
provement of the observables have been included. At present this is
possible at the 2-loop level for the Wilson gauge action only, and at
the 1-loop level in the two other cases. Figure from [29] based on data
from [63, 64].
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Continuum limit of Q2
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