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Probably the best chance of the low-
energy nuclear physics community 

to get another Nobel prize! 

We learned that neutrinos have 
mass, but we don’t know how to 

extend the Standard Model! 
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Here the mk’s are the masses of the three light neutrinos
and U is the matrix that transforms states with well-
defined mass into states with well-defined flavor &e.g.,
electron, mu, tau'. Equation &2' gives the !!&0"' rate if
the exchange of light Majorana neutrinos with left-
handed interactions is responsible. Other mechanisms
are possible &see Secs. III and IV.D', but they require the
existence of new particles and/or interactions in addition

to requiring that neutrinos be Majorana particles. Light-
neutrino exchange is therefore, in some sense, the
“minima” mechanism and the most commonly consid-
ered.

That neutrinos mix and have mass is now accepted
wisdom. Oscillation experiments constrain U fairly
well—Table I summarizes our current knowledge—but
they determine only the differences between the squares
of the masses mk &e.g., m2

2−m1
2' rather than the masses

themselves. It will turn out that !!&0"' is among the best
ways of getting at the masses &along with cosmology and
!-decay measurements', and the only practical way to
establish that neutrinos are Majorana particles.

To extract the effective mass from a measurement, it
is customary to define a nuclear structure factor FN
#G0"&Q!! ,Z'(M0"(2me

2, where me is the electron mass.
&The quantity FN is sometimes written as Cmm.' The ef-
fective mass !m!!" can be written in terms of the calcu-
lated FN and the measured half-life as

!m!!" = me)FNT1/2
0" *−1/2. &4'

The range of mixing matrix values given in Table I, com-
bined with calculated values for FN, allow us to estimate
the half-life a given experiment must be able to measure
in order to be sensitive to a particular value of !m!!".
Published values of FN are typically between 10−13 and
10−14 yr−1. To reach a sensitivity of !m!!"+0.1 eV there-
fore an experiment must be able to observe a half-life of
1026–1027 yr. As we discuss later, at this level of sensitiv-
ity an experiment can draw important conclusions
whether or not the decay is observed.

The most sensitive limits thus far are from the
Heidelberg-Moscow experiment: T1/2

0" &76Ge'#1.9$1025

yr &Baudis et al., 1999', the IGEX experiment:
T1/2

0" &76Ge'#1.6$1025 yr &Aalseth et al., 2002a, 2004',
and the CUORICINO experiment: T1/2

0" &130Te'#3.0
$1024 yr &Arnaboldi et al., 2005, 2007'. These experi-
ments contained 5–10 kg of the parent isotope and ran
for several years. Hence increasing the half-life sensitiv-
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FIG. 2. Feynman diagrams for !!&2"' &top' and !!&0"' &bot-
tom'.

TABLE I. Neutrino mixing parameters as summarized by the Particle Data Book )Yao et al. &2006'*
based on the individual experimental reference reporting. The limit on !m!" and % are based on the
references given. The !m!!" limit comes from the Ge experiments. The parameter values would be
slightly different if determined by a global fit to all oscillation data &Fogli et al., 2006'.

Parameter Value Confidence level Reference

sin2&2&12' 0.86−0.04
+0.03 68% Aharmin et al. &2005'

sin2&2&23' '0.92 90% Ashie et al. &2005'
sin2&2&13' (0.19 90% Apollonio et al. &1999'
)m21

2 8.0−0.3
+0.4$10−5 eV2 68% Aharmin et al. &2005'

()m32
2 ( 2.4−0.5

+0.6$10−3 eV2 90% Ashie et al. &2004'
!m!" (2 eV 95% Lobashev et al. &1999'; Kraus et al. &2005'
!m!!" (0.7 eVa 90% Klapdor-Kleingrothaus et al. &2001a'; Aalseth

et al. &2002a'
% (2 eV 95% Elgaroy and Lahov &2003'

aUsing the matrix element of Rodin et al. &2006'.
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Figure 6. Value of the e↵ective Majorana mass |m�� | as a function of the lightest
neutrino mass in the cases of 3⌫ and 3+1 mixing with Normal and Inverted Ordering
of the three lightest neutrinos [210]. The signs in the legends indicate the signs of
ei↵2 , ei↵3 , ei↵4 = ±1 for the cases in which CP is conserved. The intermediate yellow
regions are allowed only in the case of CP violation.

produced by Big Bang Nucleosynthesis (BBN). In Subsection 6.3 we discuss the e↵ects of

light sterile neutrinos on the formation of Large Scale Structures (LSS), which occurred

after the sterile neutrinos became non-relativistic. Finally, in Subsection 6.4 we review

the current cosmological bounds on light sterile neutrinos.

6.1. Neutrino parameterization

It is convenient to parametrize the neutrino contribution to the radiation content in the

early Universe in terms of an e↵ective number of degrees of freedom Ne↵ , such that the
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Here the mk’s are the masses of the three light neutrinos
and U is the matrix that transforms states with well-
defined mass into states with well-defined flavor &e.g.,
electron, mu, tau'. Equation &2' gives the !!&0"' rate if
the exchange of light Majorana neutrinos with left-
handed interactions is responsible. Other mechanisms
are possible &see Secs. III and IV.D', but they require the
existence of new particles and/or interactions in addition

to requiring that neutrinos be Majorana particles. Light-
neutrino exchange is therefore, in some sense, the
“minima” mechanism and the most commonly consid-
ered.

That neutrinos mix and have mass is now accepted
wisdom. Oscillation experiments constrain U fairly
well—Table I summarizes our current knowledge—but
they determine only the differences between the squares
of the masses mk &e.g., m2

2−m1
2' rather than the masses

themselves. It will turn out that !!&0"' is among the best
ways of getting at the masses &along with cosmology and
!-decay measurements', and the only practical way to
establish that neutrinos are Majorana particles.

To extract the effective mass from a measurement, it
is customary to define a nuclear structure factor FN
#G0"&Q!! ,Z'(M0"(2me

2, where me is the electron mass.
&The quantity FN is sometimes written as Cmm.' The ef-
fective mass !m!!" can be written in terms of the calcu-
lated FN and the measured half-life as

!m!!" = me)FNT1/2
0" *−1/2. &4'

The range of mixing matrix values given in Table I, com-
bined with calculated values for FN, allow us to estimate
the half-life a given experiment must be able to measure
in order to be sensitive to a particular value of !m!!".
Published values of FN are typically between 10−13 and
10−14 yr−1. To reach a sensitivity of !m!!"+0.1 eV there-
fore an experiment must be able to observe a half-life of
1026–1027 yr. As we discuss later, at this level of sensitiv-
ity an experiment can draw important conclusions
whether or not the decay is observed.

The most sensitive limits thus far are from the
Heidelberg-Moscow experiment: T1/2

0" &76Ge'#1.9$1025

yr &Baudis et al., 1999', the IGEX experiment:
T1/2

0" &76Ge'#1.6$1025 yr &Aalseth et al., 2002a, 2004',
and the CUORICINO experiment: T1/2

0" &130Te'#3.0
$1024 yr &Arnaboldi et al., 2005, 2007'. These experi-
ments contained 5–10 kg of the parent isotope and ran
for several years. Hence increasing the half-life sensitiv-
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FIG. 2. Feynman diagrams for !!&2"' &top' and !!&0"' &bot-
tom'.

TABLE I. Neutrino mixing parameters as summarized by the Particle Data Book )Yao et al. &2006'*
based on the individual experimental reference reporting. The limit on !m!" and % are based on the
references given. The !m!!" limit comes from the Ge experiments. The parameter values would be
slightly different if determined by a global fit to all oscillation data &Fogli et al., 2006'.

Parameter Value Confidence level Reference

sin2&2&12' 0.86−0.04
+0.03 68% Aharmin et al. &2005'

sin2&2&23' '0.92 90% Ashie et al. &2005'
sin2&2&13' (0.19 90% Apollonio et al. &1999'
)m21

2 8.0−0.3
+0.4$10−5 eV2 68% Aharmin et al. &2005'

()m32
2 ( 2.4−0.5

+0.6$10−3 eV2 90% Ashie et al. &2004'
!m!" (2 eV 95% Lobashev et al. &1999'; Kraus et al. &2005'
!m!!" (0.7 eVa 90% Klapdor-Kleingrothaus et al. &2001a'; Aalseth

et al. &2002a'
% (2 eV 95% Elgaroy and Lahov &2003'

aUsing the matrix element of Rodin et al. &2006'.
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u Left-right (LR) symmetric model(s): 

•  Restore LR symmetry (at some scale), needs 
new iso-triplet Higgs, WR, new ββ-decay 
contributions 

u Super-Symmetric (SUSY) model(s): 

•  Restore fermion-boson symmetry, double the # of 
particles, may contribute to ββ-decay (R-parity) 
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u Left-right (LR) symmetric model(s): 

•  Restore LR symmetry, needs new iso-triplet 
Higgs, WR, new ββ-decay contributions 

u Super-Symmetric (SUSY) model(s): 

•  Restore fermion-boson symmetry, double # of 
particles, may contribute to ββ-decay (R-parity) 
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Hadronization /w R-parity v. and heavy neutrino 

SUSY /wR− parity violation : e.g. Rep.Prog.Phys. 75, 106301(2012)
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(i) ηNL neglijible in most models; (ii) η & λ ruled in /out by energy or angular distributions
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the ⌘⌫ term) is given by

h
T 0⌫
1/2

i�1
=
���M (0⌫)

GT

���
2
{C⌫2 + C⌫�cos�1 + C⌫⌘cos�2

+ C�2 + C⌘2 + C�⌘cos(�1 � �2)
 
, (4)

where �1 and �2 are the relative CP phases (A7). Dif-
ferent processes give rise to several contributions: C⌫2

are from the left-handed leptonic and currents, C�2 from
the right-handed leptonic and right-handed hadronic cur-
rents, and C⌘2 from the right-handed leptonic and left-
handed hadronic currents. Interference between these
terms is represented by the the contributions of C⌫�, C⌫⌘

and C�⌘. The precise definitions are

C⌫2 = C1 h⌫i2 , C⌫� = C2 h⌫i h�i , C⌫⌘ = C3 h⌘i h⌫i ,
C�2 = C4 h�i2 , C⌘2 = C5 h⌘i2 , C�⌘ = C6 h⌘i h�i , (5)

where C1�6 are combinations of nuclear matrix elements
and phase-space factors (PSF). Their expressions can be
found in the Appendix B, Eqs. (B1). M0⌫

GT and the other
nuclear matrix elements that appear in the expressions of
the C factors are presented in Eq. (B4). In the context of
the left-right symmetric model we associate the neutrino
physics parameters h⌫i, h�i, h⌘i, with the corresponding
⌘i parameters defined in Appendix A,

h⌫i = |⌘⌫ | , (6a)

h�i = |⌘�| , (6b)

h⌘i = |⌘⌘| , (6c)

but we leave them in this generic form for the case that
other mechanisms could contribute. For example, any
contribution from a mechanism whose amplitude is pro-
portional with

p
G0⌫

01 , such as ⌘LNR
and ⌘RNR

, may be
added to the h⌫i term with an appropriate redefinition of
the nuclear matrix elements and the interference phases.

III. 0⌫�� DECAY ELECTRONS
DISTRIBUTIONS

The di↵erential decay rate of the 0+ ! 0+ 0⌫�� tran-
sition can be expressed as:

d2W 0⌫
0+!0+

d✏1dcos✓12
=

a0⌫!0⌫(✏1)

2 (meR)2
[A(✏1) +B(✏1)cos✓12] . (7)

✏1 is the energy of the first electron in units of mec2, R is
the nuclear radius (R = r0A1/3, with r0 = 1.2fm), ✓12 is
the angle between the outgoing electrons, and the expres-
sions for the constant a0⌫ and the function !0⌫ are given
in the Appendix C, Eqs. (C2) and (C3), respectively.
The functions A(✏) and B(✏) are defined as combinations
of factors that include PSF and NME:

A(✏1) = |N1(✏1)|2 + |N2(✏1)|2 + |N3(✏1)|2 + |N4(✏1)|2,
(8a)

B(✏1) = �2Re [N?
1 (✏1)N2(✏1) +N?

3 (✏1)N4(✏1)] . (8b)

The detailed expressions of the N1�4(✏1) components are
presented in Eqs. (B7)
The expression of the half-life can be written as follows:

h
T 0⌫
1/2

i�1
=

1

ln2

Z
dW 0⌫

0+!0+ =
a0⌫

ln2 (meR)2

⇥
Z T+1

1
A(✏1)!0⌫(✏1)d✏1, (9)

with the kinetic energy T defined as:

T =
Q��

mec2
. (10)

A. Angular distributions

The integration of Eq. (7) over ✏1 provides the angular
distribution of the electrons. We can now write it as:

dW 0⌫
0+!0+

d⌦
=

a0⌫

4⇡ (meR)2

"Z T+1

1
A(✏1)!0⌫(✏1)d✏1

+
d⌦

2⇡

Z T+1

1
B(✏1)!0⌫(✏1)d✏1

#
, (11)

where d⌦ = 2⇡dcos✓12.

B. Energy distributions

Integrating Eq. (7) over cos✓12, one obtains the single
electron spectrum. When investigating the energy dis-
tribution, it is convenient to express the decay rate as a
function of the di↵erence in the energy of the two outgo-
ing electrons, �t = (✏1�✏2)mec2, where ✏2 = T+2�✏1 is
the kinetic energy of the second electron. We now express
the energy of one electron as:

✏1 =
T + 2 + �t

mec2

2
. (12)

After changing the variable, the energy distribution as a
function of �t is:

2dW 0⌫
0+!0+

d(�t)
=

2a0⌫

(meR)2
!0⌫(�t)

mec2
A(�t). (13)

IV. RESULTS

Here we analyze in detail the two-electron angular and
energy distributions for 82Se, which was chosen as a base-
line isotope by SuperNEMO experiment [27, 29]. We
calculate the 82Se NME of Eq. (B4) using a shell model
approach with the JUN45 [40] e↵ective Hamiltonian in
the jj44 model space [9, 10]. The nuclear structure ef-
fects are taken into account by the inclusion of short-
range correlations with CD-Bonn parametrization, finite
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Here we analyze in detail the two-electron angular and
energy distributions for 82Se, which was chosen as a base-
line isotope by SuperNEMO experiment [27, 29]. We
calculate the 82Se NME of Eq. (B4) using a shell model
approach with the JUN45 [40] e↵ective Hamiltonian in
the jj44 model space [9, 10]. The nuclear structure ef-
fects are taken into account by the inclusion of short-
range correlations with CD-Bonn parametrization, finite
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FIG. 1: (Color online) Electrons angular distribution
(upper panel) and energy distributions (lower panel) for
the competition between ⌫ and ⌘ mechanisms, Case 1.

nucleon size e↵ects, and higher order corrections of the
nucleon current [14]. Due to the small contribution of
the �P factor (less than 4% when changing from 0.1 to
0.5), we do not calculate it and use a typical shell model
value of 0.5 for the case of 82Se [41]. We point out that
some of the neutrino potentials in Eq. (B5) are divergent
[26], such that the approximations �GT! = 2��GTq and
�F! = 2�F � �Fq [42] are not accurate. This simplifica-
tion was widely used because of the high complexity and
di�culty of the previous shell model calculations with
large model spaces [41, 43], when most of most 0⌫��
decaying isotopes were considered. A solution to this
problem is to first perform the radial integral over the
coordinate space and only after, the second integral over
the momentum space in Eq. (B6). For gA we use the
older value of 1.254 for an easier comparison to other
NME and PSF results in the literature. It was shown in
Ref. [10] that changing to the newer value of 1.27 [44]
changes the result by only 0.5%.

The NME calculated in this work are presented on the
first line of Table I. The second line displays the normal-
ized values �↵ (↵ = F,GT!, F!, GTq, Fq, T,R).

The PSF that enter in the components of Eq. (4) are
calculated in this work using Eq. (C1)(see also Ref. [32]).

FIG. 2: (Color online) Same as Fig. 1 for the
competition between ⌫ and � mechanisms, Case 2.

TABLE I: The 82Se NME corresponding to Eq. (B3).

MGT MF MGT! MF! MGTq MFq MT MR

2.993 -0.633 2.835 -0.618 3.004 -0.487 0.012 3.252

�F �GT! �F! �GTq �Fq �T �R

-0.134 0.947 -0.131 1.003 -0.103 0.004 1.086

The values of the �1± and �2± factors of Eq. (B2) are:
�1+ = 0.717, �1� = 1.338, �2+ = 0.736, �2� = 0.930.

These can be also calculated by a simple manipulation
of Eq. (9), involving Ã±k defined in Appendix B. In the
case of G1, we obtain results which are in good agreement
with those of Ref. [34], having a di↵erence of about 10%.
The results of Ref. [34] have been obtained more rigor-
ously by solving numerically the Dirac equation, and by
including the e↵ects of the finite nuclear size and elec-
tron screening using a Coulomb potential derived from a
realistic proton density distribution in the daughter nu-
cleus. This more rigorous treatment of the finite nuclear
charge can provide di↵erences of up to 30-40% in G1 for
heavy nuclei as compared with Eq. (C1) [33, 34]. How-
ever, given the larger uncertainty in the NME [39], and
because of the small di↵erence in PSF for the case of
82Se, this approximation is satisfactory and we use it in

<η > dominates
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TABLE VI: Calculated limits of half-lives ratios, Eq. (14), for di↵erent combinations of isotopes (see text for
details). For example, in the combination Ge/Se (1) corresponds to Ge and (2) to Se.

Ge/Se Ge/Te Ge/Xe Se/Te Se/Xe Te/Xe

Ge Se Ge Te Ge Xe Se Te Se Xe Te Xe

G0⌫
01 ⇥ 1014 0.237 1.018 0.237 1.425 0.237 1.462 1.018 1.425 1.018 1.462 1.425 1.462

M0⌫(1/2) 3.57 3.39 3.57 1.93 3.57 1.76 3.39 1.93 3.39 1.76 1.93 1.76

M0N (1/2) 202 187 202 136 202 143 187 136 187 143 136 143

T ⌫
1/2(1)/T

⌫
1/2(2) 3.87 1.76 1.50 0.45 0.39 0.85

TN
1/2(1)/T

N
1/2(2) 3.68 2.73 3.09 0.74 0.84 1.13

R(N/⌫) present 0.95 1.55 2.06 1.63 2.17 1.33

R(N/⌫) [45] 1.02 1.39 1.42 1.36 1.39 1.03

V. DISENTANGLING THE HEAVY NEUTRINO
CONTRIBUTION

As mentioned in Section II, if the ⌘� and ⌘⌘ contribu-
tions could be ruled out by the two-electron energy and
angular distributions analyzed in the previous section, in
that case, assuming a seesaw type I dominance [36] the
half-life is given by Eq. (3). Then, the relative contri-
bution of the ⌘⌫ and ⌘RNR

terms can be identified if one
measures the half-life of at least two isotopes [5, 24], pro-
vided that the corresponding matrix elements M0⌫ and
M0N are known with good precision. Ref. [5, 24] al-
ready provided some limits of the ratios of the half-lives
of di↵erent isotopes based on older QRPA calculations.
However, based on those calculations, the two limits for

r(⌫/N) ⌘ T ⌫/N
1/2 (1)/T ⌫/N

1/2 (2)

r(⌫/N) =
G0⌫

01(2)
��M0⌫/N (2)

��2

G0⌫
01(1)

��M0⌫/N (1)
��2
, (14)

were too close to allow for a good separation of the con-
tribution of these two mechanisms. In Eq. (14) (1) and
(2) designate members of a pair of isotopes. Below, we
present the results based on our shell model calculations
given in see Tables III and IV of Ref. [7]. In Table VI
Ge, Se, Te, and Xe are short-hand notions for 76Ge, 82Se,
130Te, and 136Xe respectively. In the table we only use
the NME calculated with CD-Bonn short-range correla-
tions. The G0⌫

01 factors from Table III of Ref. [30] were
used (they are very close to those of Ref. [46])

The pre-last line in Table VI presents the ratio of the
ratios of half-lives, R(N/⌫) = r(N)/r(⌫), calculated with
our NME. On can see that the largest ratio is obtained for
the combination 82Se/136Xe. Its magnitude larger than
2 indicates that on can di↵erentiate between these two
limits if the half-lives are known with reasonable uncer-
tainties, and provided that the NME can be calculated
with su�cient precision. The last line in Table VI shows
the same quantity calculated with the recent QRPA NME
taken from Table I (columns d) of Ref. [45]. On can see
that these ratios are not as favorable in identifying the

two limits. This analysis emphasizes again the need of
having reliable NME for all mechanisms.

VI. CONCLUSIONS

In this paper we calculate nuclear matrix ele-
ments, phase space factors, and half-lives for the
0⌫�� (0+ ! 0+) decay of 82Se under di↵erent scenarios
that include, besides the mass mechanism, the mixed
right-handed/left-handed currents contributions known
as ⌘ and � mechanisms. For the mass mechanism dom-
inance scenario the results are consistent with previous
calculations [10] using the same Hamiltonian. Inclusion
of contributions from ⌘ and � mechanisms have the ten-
dency to decrease the half-lives.
We present the two-electrons angular and energy dis-

tributions for five theoretical scenarios of mixing between
mass mechanisms contributions,and ⌘ and � mechanism
contributions. From the figures presented in the paper
one can recover the general conclusion [26] that the en-
ergy distribution can be used to distinguish between the
mass mechanism and the � mechanism, while the angular
distribution can be used in addition to the energy distri-
bution to distinguish between the mass mechanism and
the ⌘ mechanism, but the identification could be more
nuanced due to the lack of knowledge of the interference
phases. In the case of the energy distributions for the
mass mechanism dominance (blue line) and the � mech-
anism dominance (green band in Figure 2 lower panel),
we find similar results to those of Figure 2 in Ref. [27].
However, our results emphasize the significant role of the
interference phases �1 and �2 in identifying the e↵ect.
We also find out from the analysis of Case 3 that if the

e↵ective neutrino mass is very small, close to zero, and
the ⌘ and � mechanisms are competing, then one can
potentially identify this scenario from the � dominance,
Case 2, by comparing the ratio min-to-max in the angu-
lar distributions and/or by the behavior of the angular
correlation coe�cient for almost equal electron energies.
The small interference e↵ects in Case 3 could be also used
as an additional identification tool.
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contributions. From the figures presented in the paper
one can recover the general conclusion [26] that the en-
ergy distribution can be used to distinguish between the
mass mechanism and the � mechanism, while the angular
distribution can be used in addition to the energy distri-
bution to distinguish between the mass mechanism and
the ⌘ mechanism, but the identification could be more
nuanced due to the lack of knowledge of the interference
phases. In the case of the energy distributions for the
mass mechanism dominance (blue line) and the � mech-
anism dominance (green band in Figure 2 lower panel),
we find similar results to those of Figure 2 in Ref. [27].
However, our results emphasize the significant role of the
interference phases �1 and �2 in identifying the e↵ect.
We also find out from the analysis of Case 3 that if the

e↵ective neutrino mass is very small, close to zero, and
the ⌘ and � mechanisms are competing, then one can
potentially identify this scenario from the � dominance,
Case 2, by comparing the ratio min-to-max in the angu-
lar distributions and/or by the behavior of the angular
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The small interference e↵ects in Case 3 could be also used
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FIG. 11: (Color online) I decomposition: closure ap-
proximation Gamow-Teller and Fermi matrix elements
(both parities) for the 0⌫�� decay of 76Ge, light-neutrino
exchange. The calculation performed with the optimal
closure energy, hEi = 3.5 MeV. The results should be
compared with the matrix elements presented on Fig. 8.
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FIG. 12: (Color online) I decomposition: closure ap-
proximation Gamow-Teller and Fermi matrix elements
(both parities) for the 0⌫�� decay of 76Ge, heavy-
neutrino exchange.

TABLE II: Mixed and pure closure (last column) NMEs for
the 0⌫�� decay of 76Ge (light-neutrino exchange) calculated
with di↵erent SRC parametrizations schemes [21]. Closure
NMEs were calculated for a standard average closure energy
of hEi = 9.41 MeV [22].

SRC M0⌫
GT

M0⌫
F

M0⌫
T

M0⌫
total

M0⌫
closure

None 3.06 �0.63 �0.01 3.45 3.24

Miller-Spencer 2.45 �0.44 �0.01 2.72 2.55

CD-Bonn 3.15 �0.67 �0.01 3.57 3.35

AV18 2.98 �0.62 �0.01 3.37 3.15

values of the nonclosure NMEs compared to the closure
values. We conjecture that the optimal energies depend
on the e↵ective Hamiltonian and, possibly, on the model
space. We found the optimal closure energies for the
three Hamiltonians in the pf model space: GXPF1A [30],
FPD6 [31], and KB3G [32]. However, it seems that the
energies do not depend much on the specific nucleus: all
the calcium isotopes calculated with the same Hamilto-
nian and both the 76Ge and the 82Se isotopes calculated
with the same model space and with the same Hamil-
tonian give similar optimal closure energies. This opens
up an interesting opportunity: one could calculate the
optimal closure energy in a realistic model space with
an e↵ective Hamiltonian for a nearby less computation-
ally demanding isotope (for example, 44Ca), after which
one could use it for a realistic case (for example, 48Ca).
This scheme o↵ers a consistent way of “calculating” the
closure energies that has not been discussed before.

In the Table III we compare our results for the NMEs of
0⌫�� decay of 76Ge (light-neutrino exchange mechanism)
with the recent calculations. Table III presents matrix el-

ements obtained with: interacting shell model approach
(ISM) [33]; quasiparticle random phase approximation,
Tüebingen-Bratislava-Caltech group [(R)QRPA(TBC)]
[34, 35]; quasiparticle random phase approximation,
Jyväskylä group [QRPA(J)] [36]; quasiparticle random
phase approximation, Holt and Engel [37]; interacting
boson model (IBM-2) [13]; and generator coordinate
method (EDF) [14]. The value gA = 1.254 is used in
most of the calculations, except for IBM-2, which uses
the axial-vector coupling constant gA = 1.269 [38].

D. The heavy neutrino-exchange NME

Figure 10 and Table IV summarize the results for our
heavy-neutrino exchange 0⌫�� decay of 76Ge. Compar-
ing Figs. 7 and 10 we can see that the heavy neutrino-
exchange NMEs do not vanish with the large intermedi-
ate spins J . The heavy-neutrino potentials have a strong
short-range part, so the contributions from the large neu-
trino momentum, which are responsible for the higher
spin contributions, are not suppressed.
Finally we calculated I decompositions of the closure

NMEs, Eq. (9), for the 0⌫�� decay of 76Ge at the opti-
mal closure energy calculated specifically for 76Ge, for the
JUN45 e↵ective Hamiltonian and the jj44 model space,
hEi = 3.5 MeV. Figs. 11 and 12 present the matrix
elements calculated for the light-neutrino and heavy-
neutrino exchanges correspondingly. NMEs on these fig-
ures include both, positive and negative, and the Fermi
matrix elements were taken with the opposite sign and
multiplied by a factor of (gV /gA)2, so that the total hight
of each bar corresponds to the total matrix element (3)
(if the tensor matrix element is neglected). Comparing
Fig. 8 and Fig. 11 we can see a good agreement between
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Pair correlations in nuclei involved in neutrinoless double β decay: 76Ge and 76Se
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Precision measurements were carried out to test the similarities between the ground states of 76Ge and 76Se.
The extent to which these two nuclei can be characterized as consisting of correlated pairs of neutrons in a
BCS-like ground state was studied. The pair removal (p, t) reaction was measured at the far forward angle
of 3◦. The relative cross sections are consistent (at the 5% level) with the description of these nuclei in terms of a
correlated pairing state outside the N = 28 closed shells with no pairing vibrations. Data were also obtained for
74Ge and 78Se.

DOI: 10.1103/PhysRevC.75.051301 PACS number(s): 25.40.Hs, 23.40.Hc, 27.50.+e

Interest in the possibility of observing neutrinoless double
β decay (0ν2β) is considerable. If this decay were to be
definitively observed, it would show that the neutrinos are their
own antiparticles. In addition, the rate of the decay would be a
measure of the neutrino rest mass, if the nuclear matrix element
were known. Unfortunately, theoretical calculations of this do
not agree well with each other [1]. It seems appropriate to
determine additional properties of the ground states of the
possible 0ν2β systems by experiment, and thus help constrain
and test theoretical calculations of this exotic decay mode. One
of the likely candidate nuclei is 76Ge decaying to the ground
state of 76Se. We have started with a study of the properties of
the ground states of these nuclei, and especially the similarities
and differences between them, using transfer reactions. One
part of this study is an accurate measurement of one-nucleon
transfer in order to probe the occupation numbers of valence
orbits for both neutrons and protons, with particular attention
to changes in these occupations. The other part is to study
pair correlations in these nuclei by nucleon pair transfer. Here
we report on a comparison of neutron pair transfer from the
(p, t) reaction. We hope to obtain similar data on proton pair
correlations from (3He, n) reactions in a future experiment.

Pair transfer between 0+ states in the (p, t) or (t, p) reaction
proceeds via L = 0 transfer, and the angular distribution,
for energies above the Coulomb barrier, is sharply forward
peaked. This feature was recognized early [2] and was crucial
in exploring the importance of such correlations and their
excitations, the so-called pairing vibrations [3]. The latter are
an indication of deviations from the simplest pairing picture
and can occur in regions of changing shapes, or when there is
a gap in single-particle states, such as near a shell closure.

We have carried out measurements of the neutron pair
removal (p, t) reaction on targets of 74,76Ge and 76,78Se. The
reaction on 78Se was measured because the 78Se(p, t)76Se

*Electronic address: schiffer@anl.gov

leads to 76Se, while 76Se(p, t)74Se starts from the ground state
of 76Se. Thus both reactions are relevant to the pairing structure
of this ground state. The 74Ge target was included as a check.

There are two relevant aspects to these measurements.
The first is the matter of pairing vibrations. The even Ge
and Se isotopes are well studied, and evidence for excited
0+ states has been established [4–6]. In some of the lighter
isotopes of Ge and Se, two-neutron transfer reactions have
shown significant strength populating excited 0+ states. These
pairing vibrations indicate that there are significant BCS-like
pair correlations connecting the target ground state in an
even initial nucleus to excited 0+ states in the final. If there
were significant differences in this regard between reactions
leading to or from 76Ge and 76Se, this would be an indication
that the pair correlations in the initial and final states in
double β decay differ. Any reliable calculations of the process
would presumably have to reproduce such differences in
order to obtain a reasonable matrix element for the 0ν2β
decay. Secondly, if accurate cross sections were available for
pair transfer, further checks could be made of the similarity
between the initial and final wave functions used in such
calculations.

Given that the L = 0 (p, t) transitions are the strongest in
the spectrum of final states at very forward angles, which is also
the region where the approximations inherent in the distorted
wave Born approximation (DWBA) are best satisfied, it is
desirable to carry out these measurements as close to 0◦ as
feasible. The (p, t) reaction had been studied previously on Ge
[4] and Se [6] isotopes; relevant (t, p) measurements have also
been made [7–9]. Both the experimental methodology and the
data analysis methods in the two (p, t) studies were different
(the target thickness was estimated from high-energy elastic
scattering where optical model predictions are ambiguous, the
angular distributions start at 7.5◦, and only angle-integrated
cross sections are quoted, etc.), making a reliable systematic
comparison of Ge and Se data difficult. Our purpose here
was to measure the cross sections at as far forward angles

0556-2813/2007/75(5)/051301(4) 051301-1 ©2007 The American Physical Society
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FIG. 2. (Color online) Spectra of tritons at 3◦ measured withYale
split-pole spectrograph, normalized to 100 for the ground-state peak,
and labeled in each case by the target nuclide. Peaks corresponding
to L = 0 transitions are identified by a pointer. Peaks due to isotopic
impurities are marked by an x. Despite evidence in 74Ge(p, t)72Ge of
substantial strength in a low-lying excited 0+ state, there are no large
admixtures seen for 76Ge and 76Se targets.

Excited 0+ states stand out in the ratio between the 3◦ and 22◦

yields, which is an order of magnitude larger than for any other
excited state. With the exception of the 74Ge target, none of

TABLE I. Summary of (p, t) cross sections at 3◦ and ratio
(in %) of these to the 22◦ values. Transitions consistent with L = 0
are shown in boldface.

Excitation energy (keV) (σ/σgs)3◦ Ratio(3◦/22◦)

74Ge(p, t)72Ge σgs(lab) = 6.4 mb/sr
0 100 86

691 29 280
834 2.8 0.9

1464 0.5 1.5
2024 0.5 4
2762 0.9 130
76Ge(p, t)74Ge σgs(lab) = 6.7 mb/sr

0 100 50
596 3.2 1.0

1204 1.1 1.6
1463 2.2 0.8
2198 2.9 3
2833 1.7 6
76Se(p, t)74Se σgs(lab) = 6.0 mb/sr

0 100 115
635 1.0 0.4
854 1.4 80

78Se(p, t)76Se σgs(lab) = 7.1 mb/sr
0 100 150

559 1.2 0.4
1121 0.8 4
1220 0.7 1.0

TABLE II. 3◦ laboratory cross sections and ratios to DWBA.
Cross sections are for the ground-state to ground-state transitions.

Target σexp(lab) σDWBA σexp/σDWBA

(mb/sr) (mb/sr)

74Ge 6.4 0.0438 147
76Ge 6.7 0.0499 135
76Se 6.0 0.0437 137
78Se 7.1 0.0431 164

these excited 0+ states is populated with a cross section at 3◦

that is more than 2% of that leading to the ground states. In the
74Ge(p, t)72Ge reaction, the cross section to the first excited
0+ state is 1.9 mb/sr. This feature is well known [4] as an
example of a pairing vibration. The case of 74Ge is illustrative
of effects that can be problematic; however, the context of the
current work is related only to the 76Ge/76Se double β decay
system.

DWBA calculations were carried out with the program
PTOLEMY [10] to correct the dependence of the reaction on
Q values. The consideration of the details of nuclear structure
is beyond the scope of this study, even though 76Ge and 78Se
have six neutron vacancies in the N = 50 shell, 74Ge and
76Se have eight. The form factor for the neutron pair was
calculated assuming a mass-2, ℓ = 0 dineutron bound in a
Woods-Saxon potential with the appropriate binding energy
and having three nodes in its wave function. The proton
potentials were those of Ref. [13], and the triton potential
that of Ref. [12]. The measured cross sections at 3◦ are given
in Table II, together with the ratio of the experimental cross
sections to the calculated values. The absolute magnitude of
the DWBA cross section is very sensitive to the choice of
distorting potential (with the proton potential of Ref. [11] the
average ratio changes from 136 to 217), as is the location of
the first minimum in the angular distribution. However, all
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FIG. 3. (Color online) Ground-state 0+ to 0+ cross sections at
3◦ are plotted as a function of Q value, for convenience in display.
Also shown are the DWBA cross sections multiplied by one average
normalization factor for each proton potential. Estimated relative
errors are shown on the experimental points.
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as feasible and to obtain a consistent set of accurate cross
sections with particular care taken to reduce relative systematic
uncertainties.

The choice of energy was governed by the desirability
of having both protons and tritons well above the Coulomb
barrier. For the present measurement, we therefore chose
23-MeV protons from the Yale ESTU tandem Van de Graaf
accelerator. This energy is similar to that used in earlier
experiments, for both (p, t) and (t, p) reactions. Because one
of the objectives of the present measurement was to obtain
accurate cross sections, we chose to measure the thickness
of the evaporated germanium and selenium targets in situ by
simply lowering the proton beam energy to 6 MeV, where the
elastic scattering cross sections are very close to Rutherford
values. The angle should not be so far forward that small
uncertainties in angle would become significant, and 30◦ was
chosen because calculations with several optical potentials
showed that the deviation from Rutherford scattering was
less than 2%. The 76,74Ge and 78,76Se target thicknesses were
found to range between 160 and 400 µg/cm2. Since Se can
sublimate at a relatively low temperature, this low-energy
target thickness measurement was made at the beginning and
then at the end of the experiment; no significant differences
(<3%) were observed. The highest beam currents used were
about 35 nA, though considerably lower (2–3 nA) for the 3◦

measurements.
The Yale Enge split-pole spectrograph was used for

the measurements with a focal-plane detector that cleanly
separates tritons from other reaction products. As monitors,
two Si surface barrier detectors at ±32◦ were used. They were
calibrated at 23 MeV in terms of beam intensity using a current
integrator connected to a Faraday cup. The beam integrator
was set to the same scale that was used for the low-energy
measurements, and the solid-angle setting for the aperture
of the spectrograph was also the same, thus establishing a
relationship between an absolute cross section scale in terms
of the monitor yields, instead of the beam intergrator, for each
target.

The 3◦ setting for the spectrograph required that the Faraday
cup be retracted so that the beam-current measurement had to
rely on the previously calibrated monitor counters. Removal of
the Faraday cup meant that the beam entered the spectrometer.
The magnetic rigidity of the tritons from the reaction is such
that, with the magnetic field set for observing tritons, protons
from the target cannot directly reach the focal plane and
are intercepted inside the spectrometer. Protons scattered at
this point can enter the focal plane and, while they can be
distinguished from tritons by their ionization density, they
do impose a counting rate limit. As a result, the farthest
forward angle where measurements could be made was 3◦.
Distorted-wave calculations indicate that the cross section at
this angle is lower than that at 0◦ by about 8%. Spectra were
also measured at the laboratory angle of 22◦, which is close
to the minimum for L = 0 angular distributions, though the
location and depth of the minimum are very sensitive to the
Q value and the distorting parameters, as seen in Fig. 1.
Nevertheless, the ratio of the 3◦ to the 22◦ cross sections is
huge compared to that for the other L values and is therefore
an excellent identifier of L = 0 transitions, though the precise
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FIG. 1. (Color online) DWBA calculations of ground-state an-
gular distributions at 23 MeV for different targets, using the proton
optical potentials of Ref. [11] and the triton potential from Ref. [12].
Note the sensitivity of the shapes of the angular distributions to the
Q values, while the peak cross sections remain relatively stable. The
relative variation in the peak cross sections for different choices of
potentials (e.g. Perey Ref. [13] instead of Becchetti and Greenleses
Ref. [11]) is very similar.

value of this ratio will depend on the exact location and depth
of the sharp minimum in the angular distribution.

Representative spectra from the 3◦ measurements are shown
in Fig. 2, where the ground-state transitions are clearly seen
to dominate. The results of the cross section measurements
are shown in Table I, with ratios to the ground-state cross
sections given only for states with yields, at 3◦, larger than
1% of the ground-state yield. The transitions where the
ratio of cross sections between 3◦ and 22◦ is consistent
with L = 0 are shown in bold. More complete data, though
at farther back angles and with less attention to accurate
relative cross sections, had been reported, but the emphasis
in these previous measurements was on angular distributions
starting at 7.5◦, and only angle-integrated cross sections are
quoted [4,5]. The uncertainty in the present experimental
cross sections is believed to be ±10%, while that in the
relative values is estimated at ±5%. These uncertainties are
dominated by estimates of systematic errors (constancy of
the beam spot on target, accuracy of angle determinations
in the monitors, possible small drifts in monitor calibration,
possible inefficiency in the focal plane detector, uniformity of
target thickness, etc.), while the statistical contribution is of
the order of 1%.

The (p, t) differential cross sections at 3◦ for populating
the 0+ ground states for the four targets are very similar: 6.4,
6.7, 6.0, and 7.1 mb/sr for 74,76Ge and 76,78Se, respectively.
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neutrons are required to come up very closely to each other,
which is suppressed by the nucleon-nucleon short-range re-
pulsion.
Another possibility is to incorporate quarks involved in

the underlying R” p SUSY transition in Eq. ~21! not into
nucleons but into two virtual pions @6# or into one pion as
well as into one initial neutron and one final proton. Now the
nn!pp12e2 transition is mediated by the charged pion
exchange between the decaying neutrons, as shown in Figs.
2~b!, 2~c!. This is what we call the one- and two-pion modes
of the 0nbb decay. Since the interaction region extends to
the distances ;1/m

p

these modes are not suppressed by the
short-range nucleon-nucleon repulsion. An additional en-
hancement of the p modes comes from the hadronization of
the R” p SUSY quark-lepton vertex operator in Eq. ~9! as dis-
cussed below. In Ref. @6# it was shown that the two-pion
mode absolutely dominates over the 2N mode. In what fol-
lows, we are arguing that it dominates over the one-pion
mode as well.
The effective hadronic Lagrangian taking into account

both the nucleon (p ,n) and p-meson degrees of freedoms in
a nucleus can be written as follows:
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Here Ls stands for the standard pion-nucleon interaction with
the coupling gs513.461 known from experiment. The

lepton-number violating terms L2N , L1p

, L2p

generate the
conventional two-nucleon mode, the one and two pion-
exchange modes of the 0nbb decay, respectively. The corre-
sponding diagrams are presented in Fig. 2.
The two-nucleon mode term L2N with different operator

structures G

(i) had been considered in @4,5# within the R” p
MSSM. As was already mentioned this term gives the sub-
dominant contribution to 0nbb decay in comparison with the
pion terms @6#. Therefore, in this paper we concentrate on the
effect of the pion-exchange contribution generated by the
terms L1p

and L2p

in Eq. ~22!.
The basic parameters a2p

and a1p

of the Lagrangian Lhe
in Eq. ~22! can be approximately related to the parameters of
the quark-lepton Lagrangian Lqe in Eq. ~9!, using the on-
mass-shell ‘‘matching conditions’’ @6#
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, ~23!
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un
&

.
~24!

In order to solve these equations we apply the widely used
factorization and vacuum dominance approximations @15#
for the matrix elements of the products of the two quark
currents. Then we obtain, taking properly into account the
combinatorial and color factors:
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^

puJPSJPSunp

2
&

'

5
3 ^

puJPun
&^

0uJPup2
&

, ~26!

^

puJT
mnJTmn

unp

2
&

'24
^

puJPun
&^

0uJPup2
&

. ~27!

Here we applied the equalities

^

0uJSup&

5
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0uJT
mnup

~

p
p

!

&

50. ~28!

The scalar matrix element vanishes due to the parity argu-
ments, the tensor one vanishes due to JT

mn52JT
nm and the

impossibility of constructing an antisymmetric object having
only one external four-vector p

p

.
We also use the following relationships for the hadronic

matrix elements:

^
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&

5i& f
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m
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mu1md
[im
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2 h
p

, ~29!

^

puūg5dun
&

5FP^

pu p̄g5nun
&

. ~30!

where f
p

50.668m
p

. For the nucleon pseudoscalar constant
FP we take its bag model value FP'4.41 from Ref. @16#.
In this approximation we solve the matching conditions in

Eqs. ~23! and ~24! and determine the coefficients in Eq. ~22!

akp

5ckp

3
8 FhT1

5
3 h

PSG , ~31!

FIG. 2. The hadronic-level diagrams for the short-ranged SUSY
mechanism of 0nbb decay. ~a! the conventional two-nucleon mode,
~b! the one-pion exchange mode, ~c! the two-pion exchange mode.
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The effect of larger model spaces for 48Ca 
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Take-Away Points 
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Black box theorem  (all flavors + oscillations) 

Observation of 0νββ will signal New 
Physics Beyond the Standard Model.   

0νββ observed     ó 

at some level 

(i) Neutrinos are Majorana fermions.  

(ii) Lepton number conservation is 
violated by 2 units 
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Regardless of the dominant 0νββ mechanism! 
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Take-Away Points 
The analysis and guidance of the 
experimental efforts need accurate 
Nuclear Matrix Elements. 
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Σ = m1 +m2 +m3 from cosmology
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Take-Away Points 
Extracting information about Majorana 
CP-violation phases may require the 
mass hierarchy from LBNE(DUNE), 
cosmology, etc, but also accurate 
Nuclear Matrix Elements. € 

φ2 = α2 −α1 φ3 = −α1 − 2δ
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Take-Away Points 
Alternative mechanisms to 0νββ need 
to be carefully tested: many isotopes, 
energy and angular correlations. 

These analyses also require accurate 
Nuclear Matrix Elements. 
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Take-Away Points 
Accurate shell model NME for different decay 
mechanisms were recently calculated. 

The method provides optimal closure energies 
for the mass mechanism. 

Decomposition of the matrix elements can be 
used for selective quenching of classes of 
states, and for testing nuclear structure. 8
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FIG. 11: (Color online) I decomposition: closure ap-
proximation Gamow-Teller and Fermi matrix elements
(both parities) for the 0⌫�� decay of 76Ge, light-neutrino
exchange. The calculation performed with the optimal
closure energy, hEi = 3.5 MeV. The results should be
compared with the matrix elements presented on Fig. 8.
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FIG. 12: (Color online) I decomposition: closure ap-
proximation Gamow-Teller and Fermi matrix elements
(both parities) for the 0⌫�� decay of 76Ge, heavy-
neutrino exchange.

TABLE II: Mixed and pure closure (last column) NMEs for
the 0⌫�� decay of 76Ge (light-neutrino exchange) calculated
with di↵erent SRC parametrizations schemes [21]. Closure
NMEs were calculated for a standard average closure energy
of hEi = 9.41 MeV [22].

SRC M0⌫
GT

M0⌫
F

M0⌫
T

M0⌫
total

M0⌫
closure

None 3.06 �0.63 �0.01 3.45 3.24

Miller-Spencer 2.45 �0.44 �0.01 2.72 2.55

CD-Bonn 3.15 �0.67 �0.01 3.57 3.35

AV18 2.98 �0.62 �0.01 3.37 3.15

values of the nonclosure NMEs compared to the closure
values. We conjecture that the optimal energies depend
on the e↵ective Hamiltonian and, possibly, on the model
space. We found the optimal closure energies for the
three Hamiltonians in the pf model space: GXPF1A [30],
FPD6 [31], and KB3G [32]. However, it seems that the
energies do not depend much on the specific nucleus: all
the calcium isotopes calculated with the same Hamilto-
nian and both the 76Ge and the 82Se isotopes calculated
with the same model space and with the same Hamil-
tonian give similar optimal closure energies. This opens
up an interesting opportunity: one could calculate the
optimal closure energy in a realistic model space with
an e↵ective Hamiltonian for a nearby less computation-
ally demanding isotope (for example, 44Ca), after which
one could use it for a realistic case (for example, 48Ca).
This scheme o↵ers a consistent way of “calculating” the
closure energies that has not been discussed before.

In the Table III we compare our results for the NMEs of
0⌫�� decay of 76Ge (light-neutrino exchange mechanism)
with the recent calculations. Table III presents matrix el-

ements obtained with: interacting shell model approach
(ISM) [33]; quasiparticle random phase approximation,
Tüebingen-Bratislava-Caltech group [(R)QRPA(TBC)]
[34, 35]; quasiparticle random phase approximation,
Jyväskylä group [QRPA(J)] [36]; quasiparticle random
phase approximation, Holt and Engel [37]; interacting
boson model (IBM-2) [13]; and generator coordinate
method (EDF) [14]. The value gA = 1.254 is used in
most of the calculations, except for IBM-2, which uses
the axial-vector coupling constant gA = 1.269 [38].

D. The heavy neutrino-exchange NME

Figure 10 and Table IV summarize the results for our
heavy-neutrino exchange 0⌫�� decay of 76Ge. Compar-
ing Figs. 7 and 10 we can see that the heavy neutrino-
exchange NMEs do not vanish with the large intermedi-
ate spins J . The heavy-neutrino potentials have a strong
short-range part, so the contributions from the large neu-
trino momentum, which are responsible for the higher
spin contributions, are not suppressed.
Finally we calculated I decompositions of the closure

NMEs, Eq. (9), for the 0⌫�� decay of 76Ge at the opti-
mal closure energy calculated specifically for 76Ge, for the
JUN45 e↵ective Hamiltonian and the jj44 model space,
hEi = 3.5 MeV. Figs. 11 and 12 present the matrix
elements calculated for the light-neutrino and heavy-
neutrino exchanges correspondingly. NMEs on these fig-
ures include both, positive and negative, and the Fermi
matrix elements were taken with the opposite sign and
multiplied by a factor of (gV /gA)2, so that the total hight
of each bar corresponds to the total matrix element (3)
(if the tensor matrix element is neglected). Comparing
Fig. 8 and Fig. 11 we can see a good agreement between
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