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Energy momentum tensor at equiliorium
The equatlon of relativistic hyolrodynamlos

,j' 9, T‘“’ = o Bu]“ = o '

At global anol homogeneous eo|U|I|Ior|um the energy
momentum tensor and charge current are:

T (z) = (p + p)uru” — g""p gt = nu”

he basic assumption of hydrodynamics is the local
equilibrium condition

p(x) = peq (T(x), p(x)) P(2) = Peq (T'(2), p(x))



Navier-Stokes equations

The general form of energy momentum tensor:

T = pubu”’ — pAF*Y + gHu” + utq” + IIHY — TTAHY
Using the definition of entropy and the equation of motion :

oT

Ta.sz_q.(T

Du) + I Qpu, + 110 -u—Tv -9 (L) 2 0

The new terms depend on the value of the transport coefticient

g = KTA* (0, logT — Du,)
[ = 2n | J(AGAY + AGAL) — FA Agg | 0°uf
II=(0-u
v = DAMY, (L)
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|srael Stewart theory

The Navier-Stokes theory is unstable and a-causal.

Adding a second order term the equation became casual and
stable

1" = —no*” + nrqa Do*”

notv ——_  II#*
The shear tensor becomes a dynamical variabile that relax at
its Navier-Stokes value
DM = —npo™” + 11F 4 - -

[Muller 1967, Israel Stewart 1976]
5 [Hiscock 1983]



Second order in gradients

Shear Tensor:

V-u
3
+)\10_<#A0.u>)\ +)‘20.<#)‘Qu>)\ +)‘3Q<MAQU>)‘ ‘

V3- g + MV<¥InsV’” Ins.
1 =—¢(V-u)+{mD (V-u)+ 0" 0, + & (V- u)’
+£3Q”VQ#V -1- §4V;J; In Svlj_ In s -+ §5R -1 §6uauﬁRa5 .

\

o = V) = (AEAY + ALY - gAWAaB)vau@

™ = —not + N1, [(Da“”) | a“”] + K [R<‘“’> — Quau5Ra<“">ﬂ ]

+K*2uqug R*<H>P 4 nr*

Bulk pressure:

R. Baier et al. JHEP 0804 (2008)

1
B __ T AMRAV a, B _ 78,
QY = ZAaAﬁ(v u” — Vou®) -[P. Romatschke Class.Quant.Grav. 27 (2010)]



Second order in gradients |

e The second order coefficients A1, Ag, 7, 711, , €tcC..

are dissipative, depend by the coupling of the
theory

* Instead As,A4,&3,84,K,etc.. depend, at leading
order only by the temperature and are non zero
also for a free theory

Ag — - T? ,_~For afree massless boson field
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[G.Moore et al. JHEP 1211 (2012)7]



Generalized equilibrium density matrix

p= %exp [— /L d¥, (f‘“’,@u — C}'\”)}

[V
1.If the vector field Buis a Killing vector field — g* = “?

2 1f ¢ is a constant

vuﬁu"‘vvﬁuzo VVCVI/( & )O

The density matrix is stationary, I.e.
independent from the choice of the hyper-
surface

(1) =2X(e)=X(13)="-"--
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EqQuil
The gene

Ibrium with rotation and acceleration

ral solution of Killing equation in Minkowsky space-
time depends on 10 constant parameters:

1

6'“(37) = b + oz, w"” = __(a,uﬁl/ — avﬁu)

gH =

2
1 |

[() 1()

acceleration angular

—(1 4+ az,0,0,at) [RH — 7(].w % X)

velocity
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Density operator at generalized equilibrium

Inserting the the solution of the Killing equation the density
operator can be written in terms of the element of the Poincaré
algebra

i o | ‘ e
p = — exp —bupli i §wuVJp,I/

JHY — / dZ}\(muT’)\v _ :BVT\)\M) Depends Oﬂ|y on
by conserved charges

KH = uyJM" + Boost

JH — §eaﬁv“ua,]57 + Angular momentum
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Basis vectors

The thermal vorticity tensor can be decompose along the four

velocity
wh = a'u” — o u" + "W u,

Four velocity

Uy :@L/\/@

Acceleration over temperature

p_ Lpym— &
ol = TDu =7
Angular velocity over temperature
wh = ie‘“’”"u o,u, = w—ﬂ
2T CTUPT

14 O
Y = W oPu’ €0
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—Xpansion of the energy-momentum tensor

The mean value of the energy momentum tensor is

1 ~~ _~ o~ ~

—w,,Re((J* T%(0)) s(z) — (J*) (2 (T (0)) p())

(T (z)) = (T**(0))p2) + 5

For PT symmetry the first order is zero

Instead the second order Is;

(T (z)) = (T*?(0)) g(a)
1 TUY Tpo o Tuv Jpo o
+ @ @po | GRe((J TP T2 (0)p@) — (' T77)5@) (T (0)) 5()

O s y vy O
0. 0B T s + _B I paﬁa

+ BB (T (050
+ O(w?)
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Mean value of the energy-momentum tensor

Because of the rotation invariance only 7 coefficient are

dif

‘erent from zero

T (z) = (p — a*Uy — w?Uy ) u*u” — (p — o*D, — w?D,,) A" + Aot o’ + WwHw” + G(urvy” + yHu”)

0,T" =0

The conservation of the energy momentum leads:

0
Ua = 5@5
Uy = B2

0p

(Do + A) — (Do + A)

B— (Dy+W) =D, +24 —3W

2G =2 (Do + D) + A+ 2 O Wt 3w

0p
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Free complex scalar field

We consider a free complex scalar field at finite temperature
and chemical potential:

® [he Improved energy-momentum:

Tup =(1 —2€) (0000 + 050" 00d) — (1 — 4€)gapdd' - 0¢ + M gapd' ¢
+ Qf(gaﬂng ¢ + ¢T¢ — ¢Taaaﬁ¢ — aaaﬁ(bfqb)

The coetfticients can be extract from the three point euclidean
Green function

U Wal\Wnro 9, o v
() = == " 5agas CE - (9:0)
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Acceleration and rotation

o — W2D,) A + Aa*a” + Wwhw” + G(u*y” +v*u”) + o(w?) |

v, - (1 - 40 (ng) (Bp — p) + gy (Ep + u))

(0* + m?)(m? + 4p*(1 - 6€)) (n (B, — ) + 3 (Ep + p))

1
487232 / \/pz + m2
| T / n(2) (2)
f. W= 247r2ﬁ2 \/p +m2p ( 5 (Ep—p) +ng (Ep+ﬂ))

2 (2p°(1 - 6€) + p*m* (3 — 12¢)) (ng) (Bp — ) + i3 (Ep + u)) :

A= 487r2ﬁ2 /0 \/pz ye=

- dp 4 22\ (@ (@ _ 2)
@ = amip /0 N (p* (1 + 6€) + 3p*m?) (n$(E, — ) +n (B, + )
| Do = 1447r2ﬂ2 / \/p e, (8p°(6¢ — 1) + 3m”(24¢ — 5)) (nB (Ep — p) +ng’ (Ep + u)) ,

D wzﬁz i +m2 p* (5 (B, =)+ (By + )



T (z) = (p— &"Us —w'Uy)u'u” — (p— a"Do —w"Dy) A" + Ac#a” + Www” + G(u"y" +7"u”) + o(@”) |

~ { = generic




Dirac rlelo

We consider a free Dirac field at finite temperature and
chemical potential and we compute the coetficients using two
different energy-momentum tensor

* [he symmetric
P _ _ _
Taﬁ — Z [¢7@85¢ — 5’5¢Wa¢¢765a¢ — @WWW}

e [he canonical

i _
Taﬁ — 5 W%aﬁw — aﬁ¢7&¢}
e The currents
Ja = ZE%AD ]g — &757047#
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Coefficients for the symmetric tensor




Coefficients massless case

 T(2) = (p— 02U — WU )uls” — (p— 02Dy — wDy) A + Ade” + Wuwn” + G(uly” +7u) + o(w?)

381 |

19



Coefticients canonical (T=0 )

— a2 PPV ORI N T Y e e o o s e e Y 2

 TH(z) = (p— a’U, — w?U,)u*u” — (p — a*D, — w?D,) A* + Aot o’ + Wwtw” + G(ury” +v*u”) + o(w?) |

For T=0 the distribution function becomes a step function

I 3ER — 4m?E; Do_ EZ A—0
“ 127232p3, * 127232’ ’
v, — _EEE2E 5o P o o _BRA30
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Conclusions and QOutlook

The energy momentum tensor gets extra
correction at equilibrium due to vorticity and
acceleration.

The second order coetficients involving vorticity
and acceleration are generally different from zero
for a free field.

They also depend on the choice of the energy
momentum tensor operator.

They seen to be relevant in heavy ion physics, but
could be relevant also in other physical situation
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