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Outline Higher Gauge Theory Definitions and Setup Example: n-plectic manifolds 0-dimensional Models

Outline

Dealing with extended objects → World-surfaces:
Flash-intro to category theory;
Surface holonomy and Strict Lie 2-algebras;
Definition of Lie n-algebra;
Example of n-algebras on n-plectic spaces.

0-dimensional models in quantum gravity:
IKKT model and its non-commutative emergent geometries;
Generalized AKSZ-construction for higher Chern-Simons theory;
Non-commutative n-plectic geometries solving 0-dim. models.
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This Exists...
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Why do we need higher gauge theory?

“Everyone” agrees that higher-dimensional objects are needed
 how to implement higher dimensional gauge fields?

In string- and M-theory:

Gauge theory ¿2-Gauge theory?
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What is the problem?

Reminder:

Map γ F→ eP
∫
A ∈ G , A ∈ Ω1(M, g), g: Lie alg. of G
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What is the problem?

Reminder:

Map γ F→ eP
∫
A ∈ G , A ∈ Ω1(M, g), g: Lie alg. of G

Problem with surface holonomy

Need Bµνdxµ ∧ dxν , w. B ∈ h, h: Lie alg. of
H

Problem: Φ4 · Φ3 · Φ2 · Φ1 = Φ4 · Φ2 · Φ3 · Φ1
iff G , H abelian
⇒ Holonomy ill-defined for non-ablian str. gr.
(path-ordering ill defined)!
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Solution

Category theory to the rescue!
(Baez, ’10)

In particular: Categories consist of
the following:

Objects
‖

Points on M

Morphisms
‖

Paths γi joining pts.
↓ F

elements g ∈ G

2-Morphisms
‖

Surfaces Φi joining paths
↓ F

elements in G n H, G 6= H

associative composition for morphisms
horizontal (·) and vertical (◦) composition for 2-morphisms
“compatibility” for compositions ⇒ well-defined surface ordering
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(Strict) 2-connection
Explicitly: given a strict Lie 2-algebra

(g, h, t, α), t : h→ g, α : g 7→ aut(H)

where t and α satisfy “composition-compatibility”:

[g , t(h)] = t(α(g)h), α(t(h))h′ = [h, h′], g ∈ g, h, h′ ∈ h

that the holonomy functor F has to preserve:

A 2-connection consists of
a 1-form field A ∈ g and a 2-form field B ∈ h with

t(B) = FA for well-defined holonomy

2-curvature can be introduced: Z = dB + α(A) ∧ B

2-gauge transformations are given by a function g : M → G AND
a ∈ Ω1(M, h)
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Truncated L∞ algebras

Definition
An L∞ algebra consists of a graded vector space L = ⊕iLi endowed with
k-ary graded multilinear totally antisymmetric products µk , k ∈ N∗,
satisfying∑

i+j=k

∑
σ(±)µj+1(µi (xσ(1), · · · , xσ(i)), xσ(i+1), · · · , xσ(i+j)) = 0, (1)

for σ denoting the (i , j)-unshuffles. Grading [µk ] = 2− k .

Or dual picture: graded vec.sp. w. grade 1 vec. field Q, s.t. Q2 = 0:

Q = −(v i tai + 1
2w

bw c f abc) ∂
∂wa + (w awbw chiabc − w av jg i

aj)
∂
∂v i ± . . .

∼ −µ1(v)− µ2(w ,w) + µ3(w ,w ,w)− µ2(w , v)± . . .

where e.g. [w a] = 1, [v i ] = 2, . . .
Familiar from: BV-quantization, string field theory, higher spin algebras,
. . .
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Truncated L∞ algebras

Truncation
A semi-strict Lie 2-algebra is a truncated L∞ algebra, for which
µn>3 = 0. That is, it is a 2-term complex of real vector spaces L−1 ≡ V
and L0 ≡W

V
µ1−−→ W

µ1−−→ 0 , (1)

equipped with products µ1, µ2, µ3 satisfying

µ2
1(v) = 0 , µ1(w) = 0 , µ2(v1, v2) = 0 ,

µ1(µ2(w , v)) = µ2(w , µ1(v)) , µ2(µ1(v1), v2) = µ2(v1, µ1(v2)) ,

µ3(v1, v2, v3) = µ3(v1, v2,w) = µ3(v1,w1,w2) = 0 ,
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Truncated L∞ algebras

Truncation
A semi-strict Lie 2-algebra is a truncated L∞ algebra, for which
µn>3 = 0. That is, it is a 2-term complex of real vector spaces L−1 ≡ V
and L0 ≡W

V
µ1−−→ W

µ1−−→ 0 , (1)

equipped with products µ1, µ2, µ3 satisfying

µ2
1(v) = 0 , µ1(w) = 0 , µ2(v1, v2) = 0 ,

µ1(µ2(w , v)) = µ2(w , µ1(v)) , µ2(µ1(v1), v2) = µ2(v1, µ1(v2)) ,

µ3(v1, v2, v3) = µ3(v1, v2,w) = µ3(v1,w1,w2) = 0 ,

µ1(µ3(w1,w2,w3))= −µ2(µ2(w1,w2),w3)− cyclic(1, 2, 3) ,

µ3(µ1(v),w1,w2)= −µ2(µ2(w1,w2), v)− cyclic(w1,w2, v)
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n- and 2-plectic manifolds

Definition
A manifold M that has a closed (n + 1)-form $ that is non-degenerate,
i.e. s.t. ιX$ = 0 ⇔ X = 0, is called a n-plectic manifold. $ is a
n-plectic form. This is the categorification of a symplectic structure.
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n- and 2-plectic manifolds

Definition
A manifold M that has a closed 3-form $ that is non-degenerate, i.e. s.t.
ιX$ = 0 ⇔ X = 0, is called a 2-plectic manifold. $ is a 2-plectic
form. This is the categorification of a symplectic structure.
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n- and 2-plectic manifolds

Definition
A manifold M that has a closed 3-form $ that is non-degenerate, i.e. s.t.
ιX$ = 0 ⇔ X = 0, is called a 2-plectic manifold. $ is a 2-plectic
form. This is the categorification of a symplectic structure.

The “Poisson 2-algebra”
Hamiltonian 1-forms H(M) ≡ {α ∈ Ω1(M)

∣∣∃Xα ∈ TM s.t. dα = ιXα$}.

Semistrict Lie 2-algebra ΠM,$: V ⊕W := C∞(M)⊕ H(M) with

π1(f ) = df , π2(α, β) = ιXαιXβ$ , π3(α, β, γ) = ιXαιXβ ιXγ$ ,

for f ∈ C∞(M) and α, β, γ ∈ Ω1(M).
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n- and 2-plectic manifolds
The “Poisson 2-algebra”
Hamiltonian 1-forms H(M) ≡ {α ∈ Ω1(M)

∣∣∃Xα ∈ TM s.t. dα = ιXα$}.

Semistrict Lie 2-algebra ΠM,$: V ⊕W := C∞(M)⊕ H(M) with

π1(f ) = df , π2(α, β) = ιXαιXβ$ , π3(α, β, γ) = ιXαιXβ ιXγ$ ,

for f ∈ C∞(M) and α, β, γ ∈ Ω1(M).

Examples: R3 and S3 with respective volume forms, $ = dvol.
R3 with basis ∂i , Hamiltonian 1-forms ξi = 1

2εijkx
jdxk :

π2(ξi , ξj) = −εijkdxk , π3(ξi , ξj , ξk) = −εijk ,
(
π2(f , ξi ) = ∂i f

)
,

kind of Heisenberg 2-algebra.

S3 with $ = sin η1 cos η1dη1dη2dη3 (Hopf coord.s), ξi = 1
2εijkη

jdηk ,

Xξi =
1
|$|

∂i , π2(ξi , ξj) =
εijkdηk

|$|
, π3(ξi , ξj , ξk) = − εijk

|$|2
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Non-commutative spaces as solutions to brane models

Nahm eq. for D1− D3 system
d

dx6 X
i + εi jk [X j ,X k ] = 0

Sol.: X i = 1
x6 G

i , with G i = εi jk [G j ,G k ]

fuzzy S2 funnel

Basu-Harvey eq. for M2−M5
d

dx6 X
µ + εµνρσ[X ν ,X ρ,Xσ] = 0

Sol.: Xµ = 1√
x6 G

µ, with
Gµ = εµνρσ[Gν ,Gρ,Gσ]

fuzzy S3 funnel
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Lie algebra matrix models
Candidate for non-perturbative actions (string- and M-theory):
E.g.: IKKT model: Aµ, ψ : N × N matrices, [−,−]: Lie br.
(Ishibashi, Kawai, Kitazawa, Tsuchiya, ’96)

10-dimensional Super-Yang-Mills (SYM) theory

↓ reduction to 0 dimensions

SIKKT = α tr
(
− 1

4 [Aµ,Aν ]2 − 1
2 ψ̄Γµ[Aµ, ψ] + β1

)

↓ [−,−]→ i~{−,−}
tr ( )→

∫
dσ2√g

}
classical limit

SSchild =

∫
Σ

d2σ
√
gα
( 1

4{Xµ,Xν}
2 − i

2 ψ̄Γµ{Xµ, ψ}
)

+ β
√
g

(Xµ(σ0, σ1), σα: coords. on Σ, {−,−}: Poisson br. on Σ)
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Non-commutative solutions

Postulate quantization: Xm 7→ X̂m = Am,
 {Xm,X n} 7→ i~ ̂{Xm,X n} = [X̂m, X̂ n] = [Am,An]

Solution to IKKT emergent geometry Quant.n of

Heisenberg: [X̂m, X̂ n] = iθmn
1 Moyal Plane Rn

θ Rn

(
deformed
IKKT

)
SU(2): [X̂m, X̂ n] ∼ εmn

k X̂ k Fuzzy sphere S2

Expanding IKKT around a solution  YM-theory on
non-commoutative space (Ishibashi, et al., ’99)
Same game is played for gravity (Steinacker, ’11)
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Higher Chern-Simons models

Generalized AKSZ-construction

Space-time: (T [1]Σ, d)

Coords.: (xµ, cµ(x) ∼ dxµ);

Q-str.: de Rham d;

Fields: a∗(w a) := Aa
µdxµ,

a∗(v i ) := B i
µνdxµ ∧ dxν ,

etc.

a−→
a∗←−

NQ-manifold: (T [1]L[1], dCE);

Coords.: ξA = {w a, v i , . . .}
graded (1, 2, . . .);

Q-str.: Chevalley-Eilenberg dCE;

Invariant polynomials:
ω = dCEξ

AωABdCEξ
B

α = ξAωABdCEξ
B
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Higher Chern-Simons models

General n-algebra C.S.-model:

SCS =

∫
Σ

(
(〈φ, dΣφ〉) +

n+1∑
k=1

(−1)k(k+1)/2

(k+1)! 〈µk(φ, . . . , φ), φ〉

)

with equations of motion:

←−
∂ SCS

∂φA
= (−2dΣφ

BωBA) +
n+1∑
k=1

(−1)k(k+1)/2

k!
µk(φ, . . . , φ)BωBA = 0
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Higher Chern-Simons models

4-dimensional, Lie 2-algebra C.S.-theory:

SAKSZ =

∫
Σ

[(
− B, dA + 1

2µ2(A,A)− 1
2µ1(B)

)
− 1

4!

(
A, µ3(A,A,A)

)]
with equations of motion:

0 = (dA) +
1
2
µ2(A,A)− µ1(B) = F ,

0 = (dB) + µ2(A,B)− 1
6
µ3(A,A,A) = H .
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Solving Lie n-algebra C.S.-theory

To minimize 0-dimensional reduced higher C.S.-theory:

n+1∑
k=1

(−1)k(k+1)/2

k!
µk(φ, . . . , φ)BωBA = 0

i.e. higher Maurer-Cartan equations ≡ nill higher fake curvatures!

Use “n-Heisenberg algebra” on n-plectic Rn+1:

π1 ∼ d , πk(ξi1 , . . . , ξik ) = (−1)k(k+1)/2ιXi1
· · · ιXik

(dvol) ,

for Hamiltonian (n − 1)-forms ξi0 = 1
n!εi0···inx

i1dx i2 ∧ · · · ∧ dx in
and (n − k)-forms φi1···ik ∼ εi1···in+1 x ik+1dx ik+2 ∧ · · · ∧ dx in+1

Can obtain different spaces by adding deformations to the model;
Expaning 0-dim. action around solutions, yields C.S.-theory on
non-commutative background.



Outline Higher Gauge Theory Definitions and Setup Example: n-plectic manifolds 0-dimensional Models

Thank you!
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