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Top physics at ILC

Higgs

Top

Top being only fermion with mass close to 
electroweak scale make us think that it has 
a special role in the physics beyond the SM. 
Top physics at ILC may open  an unique 
window for discovery of new physics. 

SM

Let’s get 
out of 
here!

Wait, me 
first!

i)
 top mass measurement at the threshold 
ii)
tt̅-Z/γ anomalous coupling measurement 
iii)
t t̅-Higgs coupling measurement 

Top physics is one of the three pillars of ILC physics!

  The top physics is one of the three pillars of linear collider physics 
program.  
  Current on-going studies in the ILC collaboration include:  

! Properties of top: mass, width and cross section

! Coupling of top, namely, top Yukawa coupling                            

! BSM: anomalous couplings to BSM gauge bosons (Z’, W’, Extra 
dimension etc) ! Top Electroweak coupling.

    Top Physics at LCs H Wt
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Introduction

The Analysis

1 The analysis is done on the semi-leptonic decay of the top
quark:
tt̄ −→ (bW )(bW ) −→ (bqq)(blν)

2 Analysis at
√

s = 500GeV with an integrated luminosity
L = 500 fb−1.

3 We use the charge of the lepton to know the charge of the
top.

4 The full simulation are done with the ILD detector (Mokka +
Whizard software).

5 The reconstruction is based on the Particle Flow Algorithm
(Pandora) and is done with Marlin on the data samples
prepare for the LOI.
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H ! bb Irreducible for Z, g* ! bb 
Key: mass reconstruction 

Reducible but large cross section 
Key: b-jet tagging, event shape 
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Analyze: 

6 jets + lepton mode 

8 jets mode 

Signal Major Backgrounds 
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and other reasons, the t quark is expected to be a window to any new physics at the
TeV energy scale. New physics will modify the electro-weak ttX vertex described
in the Standard Model by Vector and Axial vector couplings V and A to the vector
bosons X = γ, Z0,

Generally speaking, an e+e− linear collider (LC) can measure t quark electroweak
couplings at the % level. In contrast to the situation at hadron colliders, the leading-
order pair production process e+e− → tt goes directly through the ttZ0 and ttγ
vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. The Ref. [1] uses

ΓttX
µ (k2, q, q) = ie

{
γµ

(
F̃X
1V (k

2) + γ5F̃
X
1A(k

2)
)
+

(q − q)µ
2mt

(
F̃X
2V (k

2) + γ5F̃
X
2A(k

2)
)}

.

(1)
with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory

The Gordon composition of the current reads

ΓttX
µ (k2, q, q) = −ie

{
γµ

(
FX
1V (k

2) + γ5F
X
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2)
)
+

σµν

2mt
(q + q)µ

(
iFX

2V (k
2) + γ5F

X
2A(k

2)
)}

,

(2)
with σµν = i

2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)

Within the Standard Model the Fi have the following values:

F γ,SM
1V = −2

3
, F γ,SM

1A = 0, FZ,SM
1V = − 1

4swcw

(
1− 8

3
s2w

)
, FZ,SM

1A =
1

4swcw
, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW . The coupling
F γ
2V is related via F γ

2V = Qt(g−2)/2 to the anomalous magnetic moment (g−2) with
Qt being the electrical charge of the t quark. The coupling F2A is related to the dipole
moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
CP . Note, that all the expressions above are given at Born level. Throughout the
article no attempt will be made to go beyond that level.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [2,3], which can operate at centre-of-mass energies between about
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105-6 ttbar pairs production 
at sqrt[s]=500 GeV with 500 fb-1!
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and other reasons, the t quark is expected to be a window to any new physics at the
TeV energy scale. New physics will modify the electro-weak ttX vertex described
in the Standard Model by Vector and Axial vector couplings V and A to the vector
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Generally speaking, an e+e− linear collider (LC) can measure t quark electroweak
couplings at the % level. In contrast to the situation at hadron colliders, the leading-
order pair production process e+e− → tt goes directly through the ttZ0 and ttγ
vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
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with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
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moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
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The tt̅-Z/γ anomalous coupling

Figure 4. Predicted deviations for the cross section versus AFB for the process e+e− → tt̄ at 370,
500, 1000 GeV in the 4DCHM compared with the SM (top panel) and the corresponding ones with
removed Z ′ exchange in the s-channel (bottom panel). The points correspond to f = 0.75−1.5 TeV,
gρ = 1.5− 3. The colour code is the same of Fig. 2.

the integrated cross sections and single spin asymmetry do deviate from their SM values:

namely, we have, for this particular benchmark point, |σ4DCHM − σSM|/σSM = 4, 9, 53%

and |A4DCHM
L − ASM

L |/ASM
L = 9, 10, 17% for

√
s = 370, 500, 1000 GeV, respectively. Such

dynamics at differential level is very typical over a wide collection of kinematic observables

and the fact that we have chosen here σ and AL as reference measures is not coincidental,

as we shall see that they are affording the largest corrections.

But let us now concentrate on the integrated values of the cross sections and asym-

metries in order to disentangle the various sources of deviations with respect to the SM

expectations. In doing this exercise, we do not enforce selection cuts, as we are working

with on-shell top quarks whereas these are applied to their decay products. However, we

do not expect that finite efficiencies due to enforcement of selection cuts will affect our

conclusions.

The results of the aforementioned scan mapped in σ and AFB for the three customary

choice of the e+e− CM energy are found in Fig. 4. Herein, we can appreciate the importance

of the interference between the SM gauge bosons and the Z ′s. In fact, the shown correlations

between the expected deviations in σ and AFB are dramatically different depending on

whether we include or not the propagation of the Z ′ states, especially for the cross section.
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Figure 4: Graphical comparison of statistical precisions on CP conserving form factors expected at
the LHC, taken from [36] and [37], and at the ILC. The LHC results assume an integrated luminosity
of L = 3000 fb−1 at

√
s = 14 TeV. The results for the ILC assume an integrated luminosity of

L = 500 fb−1 at
√
s = 500 GeV and a beam polarisation Pe− = ±0.8,Pe+ = ∓0.3.

published there are compared with the results in the present study in Fig. 4. All but one form factor
will be measured with to about a factor 10 better at the ILC for the scenario discussed in this paper
than it will be possible at the LHC. This exception is FZ

1A where [37] quotes a possible statistical
precision of δFZ

1A ≈ 0.031. It should however be pointed out that the considerable precision expected
for δFZ

1A benefits strongly from LEP/SLC bounds on the oblique parameters that e.g. render it unlikely
that FZ

1A flips sign due to New Physics. The study presented by [37] is an analysis at leading order
QCD. The analysis carried out in [38] suggests that higher-order effects in the theory may allow for an
improvement of the LHC precision by up to 40%. Note at this point that the interference between the
γ and the Z in case of e+e− → tt̄ prevents flips of the signs of the form factors that will be unnoticed
in associated t̄tZ at the LHC.

While the prospects for the LHC discussed so far are based on analyses differential in given jet
observables of the final state, LHC experiments observe the process pp → t̄tZ [39, 40, 41, 42]. The
interpretation of the results is however still limited by the small statistics available for the analyses.

At the LHC electro-weak couplings are measured also in single t quark production. In the effective
field theory approach, assuming SU(2)L × U(1) gauge symmetry for the operators, the relation

δgtbWL

gtbWL

≈ 0.35
δgZL
gZL

(10)

can be established. Here gtbWL is the charged current coupling of the decay t → Wb. The CMS
Collaboration [43] reports a precision for the t-b transition probability Vtb of about 4%. In the Standard
Model Vtb is identical to gtbWL . Hence, by means of Eq. 10 the precision of the coupling of left-handed
t quarks to the Z boson can be derived to be of the order of 11%. Noting that σ(pp → t̄tZ) ∼

†For the Linear Algebra the software package Eigen [27] version 3.2.2 has been used.
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Figure 3: Predictions of several models that incorporate Randall-Sundrum (RS) models and/or com-
positeness or Little Higgs models on the deviations of the left- and right-handed couplings of the
t quark to the Z0 boson. The ellipse in the frame in the upper right corner indicates the precision
that can be expected for the ILC running at a centre-of-mass energy of

√
s = 500 GeV after having

accumulated L = 500 fb−1 of integrated luminosity shared equally between the beam polarisations
Pe− , Pe+ = ±0.8,∓0.3. The original version of this figure can be found in [34].
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of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
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The Gordon composition of the current reads

ΓttX
µ (k2, q, q) = −ie

{
γµ

(
FX
1V (k

2) + γ5F
X
1A(k

2)
)
+

σµν

2mt
(q + q)µ

(
iFX

2V (k
2) + γ5F

X
2A(k

2)
)}

,

(2)
with σµν = i

2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)

Within the Standard Model the Fi have the following values:

F γ,SM
1V = −2

3
, F γ,SM

1A = 0, FZ,SM
1V = − 1

4swcw

(
1− 8

3
s2w

)
, FZ,SM

1A =
1

4swcw
, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW . The coupling
F γ
2V is related via F γ

2V = Qt(g−2)/2 to the anomalous magnetic moment (g−2) with
Qt being the electrical charge of the t quark. The coupling F2A is related to the dipole
moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
CP . Note, that all the expressions above are given at Born level. Throughout the
article no attempt will be made to go beyond that level.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [2,3], which can operate at centre-of-mass energies between about

2

!! ()*)&'+)!"

!! ,)*),!-./0)-/123456)

!! 7)*)78493)-/123456)

*+?-/;&+7A*:.A"#'B'"ACDCEEEF$

3*)4(5*6782"(39%:;.$/(50/.$%(*:--0<.%(=:%>?@:;"(6AB28(C$D(

105-6 ttbar pairs production 
at sqrt[s]=500 GeV with 500 fb-1!

D. Barducci et al.
1504.05407

see talk by D. Barducci

•The tt̅-Z/γ anomalous coupling is 
one of the important probe of new 
physics. Many new physics models 
predict significant deviation from SM. 

•The latest evaluation shows that 
the form factors can be measured at 
a per mill precision! 
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Theoretical uncertainties

3 Theory uncertainties

The extraction of form factors requires precise predictions of the inclusive top
quark pair production rate and of several differential distributions. In this section
the state-of-the-art calculations and estimate theoretical uncertainties are briefly re-
viewed.

The QCD corrections to e+e− → tt production are known up to N3LO for the
inclusive cross section [11], and to NNLO for the forward backward asymmetry
AFB [12]. The perturbative series shows good convergence. In Figure 2(a) the LO,
NLO, NNLO and N3LO predictions for the ratio R(s) of the total cross section for
e+e− → tt to that for massless fermion pair production are shown in the centre-of-
mass energy range around 500 GeV.
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Figure 2: (a) The prediction for the ratio R(s) of the tt production rate and that of massless
fermions, as a function of centre-of-mass energy

√
s. (b) The maximum variation (in %)

in the cross section prediction due to alternative choices for the renormalisation scale:
µ = 2

√
s. These figures present a compilation of results reported in References [11,13,12].

The N3LO correction to the total cross-section is below 1 %. An estimate of the
size of the next order - obtained from the conventional variation of the renormalisation
scale by a factor two and one half - yields 0.3 %. It can therefore be concluded that
the uncertainty of today’s state-of-the-art calculations is at the per mil level.

In a similar manner the QCD corrections to the prediction of differential distri-
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!QCD corrections are known up to N3LO

!Electroweak corrections are known at one-loop level
e−e+ → tt̄ e−e+ → tt̄γ
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Figure 2: The total cross-section as a function of center-of-mass energy. The left figure is
the result of tt̄ production and the right figure shows the result of the tt̄γ reaction. The
triangle points are the result of the tree level calculation while the rectangular points are
the sum of the tree level calculation combined with the full one-loop electroweak radiative
corrections. Lines are only guide for the eyes.

+
β2

8

[

− 4(2− x) ln x−
1 + 3(1− x)2

x
ln(1− x)− 6 + x

]

(5)

with β = 2α
π

(

ln( s
m2

e

)− 1
)

and ∆ = 1 + α
π

(

3
2 ln(

s
m2

e

) + π2

3 − 2
)

.

After obtaining the QED correction, we define the genuine weak correction in the α
scheme:

δW = δEW − δQED. (6)

Having subtracted the genuine weak correction in the α scheme, one can express the
correction in the Gµ scheme. Next we subtract the universal weak correction which is
obtained from ∆r. The genuine weak correction in the Gµ scheme is defined by

δGµ

W = δW − n∆r, (7)

with ∆r = 2.55% for MH = 120 GeV and n = 3(2) for tt̄γ (for tt̄) production respectively.

7

with θt the angle of the top quark.
Fig 4 shows the results for AFB as a function of the center-of-mass energy. The

figures show clearly that the top quark asymmetry in the full results is smaller than the
asymmetry at the tree level results only.
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Figure 4: The top quark forward-backward asymmetry as a function of the center-of-
mass energy. Left figure is the results for tt̄ production and right one is the results for tt̄γ
production. The triangle points represent the tree level results and the rectangle points
are the results including the full radiative corrections. Lines are only guide for the eyes.

In Fig 5 we compare the values of AFB in tt̄γ production directly with its value for tt̄
production. From the figures, we find that AFB in tt̄γ production is larger than AFB in tt̄
production. This is the most important result of the paper. The effect should be clearly
observable at the ILC.

4 Conclusions

We have presented the full O(α) electroweak radiative corrections to the process e+e− →
tt̄γ and e+e− → tt̄ at ILC. The calculations were done with the help of the GRACE-Loop
system.

GRACE-Loop have implemented a generalised non-linear gauge fixing condition which
includes five gauge parameters. With the UV, IR finiteness and gauge parameters inde-
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4 Conclusions
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tt̄γ and e+e− → tt̄ at ILC. The calculations were done with the help of the GRACE-Loop
system.

GRACE-Loop have implemented a generalised non-linear gauge fixing condition which
includes five gauge parameters. With the UV, IR finiteness and gauge parameters inde-
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✴ It has been known since long that the NLO EW correction to the 
t t̄  production is quite sizable. 

✴ ILC can (easily) access to these EW corrections and further 
perform a precision measurement of the SM couplings. 

✴ To search for NP effect, we have to make the EW correction 
under control (for now, nobody knows how to compute the 
NNLO EW correction!)



Spin correlation as a tool for precision

Observables 

Observables

! Cross section of ttbar production
! Forward-Backward asymmetry AFB

! Helicity angle !helicity         
      !helicity: lepton direction in t rest frame

Polarized beam 
useful! 

ILC pol. beam option:  

(e-,e+)=(±0.8,"0.3)
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Introduction

The Analysis

1 The analysis is done on the semi-leptonic decay of the top
quark:
tt̄ −→ (bW )(bW ) −→ (bqq)(blν)

2 Analysis at
√

s = 500GeV with an integrated luminosity
L = 500 fb−1.

3 We use the charge of the lepton to know the charge of the
top.

4 The full simulation are done with the ILD detector (Mokka +
Whizard software).

5 The reconstruction is based on the Particle Flow Algorithm
(Pandora) and is done with Marlin on the data samples
prepare for the LOI.
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FIG. 4. The differential cross-sections for producing top-quark pairs at a 400 GeV e+e−

collider in the following spin configurations in the Off-diagonal basis (defined for e−L e+
R scattering):

t↑t̄↓ (UD), t↓t̄↑ (DU), and the sum of t↑t̄↑ and t↓t̄↓ (UU+DD), for left-handed and right-handed

electron beams.
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Can we use the angular correlation to 
control NLO EW contributions?

Motivation

For example, we have confirmed 
that the size of the NLO 

correction depend strongly on 
the initial state polarization.

GRACE e+e- ---> ttbar with initial polarization: now available 
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Observables 

Observables

! Cross section of ttbar production
! Forward-Backward asymmetry AFB

! Helicity angle !helicity         
      !helicity: lepton direction in t rest frame

Polarized beam 
useful! 

ILC pol. beam option:  

(e-,e+)=(±0.8,"0.3)
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6
) Top production and decays are very 

different form the other fermions. 
Many (interesting) angular 
correlations emerge, which can be 
used to extract various information.
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Introduction

The Analysis

1 The analysis is done on the semi-leptonic decay of the top
quark:
tt̄ −→ (bW )(bW ) −→ (bqq)(blν)

2 Analysis at
√

s = 500GeV with an integrated luminosity
L = 500 fb−1.

3 We use the charge of the lepton to know the charge of the
top.

4 The full simulation are done with the ILD detector (Mokka +
Whizard software).

5 The reconstruction is based on the Particle Flow Algorithm
(Pandora) and is done with Marlin on the data samples
prepare for the LOI.
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Can we use the angular correlation to 
control NLO EW contributions?

Motivation

For example, we have confirmed 
that the size of the NLO 

correction depend strongly on 
the initial state polarization.

✴ In this talk, we introduce a method we developed to take a full 
use of the angular correlation to study the t t̄  production at ILC.

✴ We show our study at the LO, including a few systematic effects 
(6 fermion background, top and W width effect etc). 

✴ Then, we show our preliminary results on the NLO study. 



Full kinematical reconstruction using 
pure leptonic final states

To have a full kinematical information, we try to 
use the fully leptonic final state: 

Angles for mu+, mu- and b, anti-b (7 angles)
Energies of mu+ and mu-  
Energies of b and anti-b 

Reconstruction of top polar/azimuthal angles

Without bottom energy information, we 
are left with ambiguities of two solutions. 



To have a full kinematical information, we try to 
use the fully leptonic final state: 

Angles for mu+, mu- and b, anti-b (7 angles)
Energies of mu+ and mu-  
Energies of b and anti-b 

Reconstruction of top polar/azimuthal angles

Rough idea of bottom energy is enough to 
distinguish two solutions! 

Yes, we can!

Full kinematical reconstruction using 
pure leptonic final states



Helicity amplitudes

The article ”Using the top quark for testing SM polarizaiton and

CP predictions” by G.L. Kane, G.A. Ladinsky and C.-P. Yuan,

PRD45, 124 (1992)

EK & FLD

July 23, 2014

Abstract

We follow the article by KLY and derive the helicity amplitude of e−e+ → tt̄ → bl+ν b̄l−ν process.

1 Angular distribution

In the following, we compute the angular distribution of the process:

e−(λe−)e+(λe+) → t(λt)t̄(λt̄)

with both top (anti-top) decaying into leptons and bottom (anti-bottom):

t → W+b

↪→ l+ν

|st,λt〉 → |sW+,λW+ ; sb,λb〉
|sW+,λW+〉 → |sl+,λl+ ; sν ,λν〉

t̄ → W−b̄

↪→ l−ν̄

|st̄,λt̄〉 → |sW− ,λW− ; sb̄,λb̄〉
|sW−,λW−〉 → |sl− ,λl− ; sν̄ ,λν̄〉

We define the helicity amplitudes of the each decay as:

Mλe−λe+ =
∑

λtλt̄λW+λW−

Mλe−λe+

λtλt̄
Mλt

λW+λb
Mλt̄

λW−λb̄
MλW+

λl+λν
MλW−

λl−λν̄
(1)
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1.1 The angular distribution of the e−e+ → tt̄ process

The scattering matrix element yield:

Mλe−λe+

λtλt̄
= 4π

√

s

pipf

∑

J

(2J + 1)ei(λi−λf )φtdJ
λiλf

(θt)T
λe−λe+

λtλt̄
(2)

where λi = λe− − λe+ ,λf = λt − λt̄. The kinematics is such that:

pe− = (
√

s/2, 0, 0,
√

s/2), pe+ = (
√

s/2, 0, 0,−
√

s/2) (3)

pt = (
√

s/2, |$pt| sin θt cos φt, |$pt| sin θt sin φt, |$pt| cos θt) (4)

pt̄ = (
√

s/2,−|$pt| sin θt cos φt,−|$pt| sin θt sinφt,−|$pt| cos θt) (5)

where sin θt > 0 and

|$pt| =

√

s

4
− m2

t (6)

We can choose φt to be zero though we keep it as non zero just for completeness in the following.

Let us note:

• We assume the intermediated particle has total spin J = 1.

• On the e± side, we assume the vector or axial vector coupling, i.e. ēRγµeL or ēLγµeR, which

leads to

(λe− ,λe+) = (−,+) or (+,−). (7)

• For the tt̄ side, we keep all the helicity combination (̄tLΓµ
RLtR, t̄RΓµ

RRtR, t̄LΓµ
LLtL, t̄RΓµ

LRtL):

(λt,λt̄) = (+,+), (+,−), (−,+), (−,−) (8)

Thus, the helicity amplitude yields:

Mλe−λe+

λtλt̄
= 4π

√

s

pipf
× 3 × (9)

(−+
++) → e−iφtd1

−10T
−+
++ = e−iφt

(

−
sin θ√

2

)

T−+
++

(−+
+−) → e−2iφtd1

−11T
−+
+− = e−2iφt

(

1 − cos θ

2

)

T−+
+− (10)

(−+
−+) → d1

−1−1T
−+
−+ =

(

1 + cos θ

2

)

T−+
−+ (11)

(−+
−−) → e−iφtd1

−10T
−+
−− = e−iφt

(

−
sin θ√

2

)

T−+
−− (12)

(+−
++) → eiφtd1

10T
+−
++ = e−iφt

(

−
sin θ√

2

)

T+−
++ (13)

(+−
+−) → d1

11T
+−
+− =

(

1 + cos θ

2

)

T+−
+− (14)

2

(+−
−+) → e2iφtd1

1−1T
+−
−+ = e2iφt

(

1 − cos θ

2

)

T+−
−+ (15)

(+−
−−) → eiφtd1

10T
+−
−− = eiφt

(

−
sin θ√

2

)

T+−
−− (16)

Note that parity relation holds e.g. for γ exchange:

T ab
cd = +T−a−b

−c−d (17)

1.2 The angular distribution of t → W+b and t̄ → W−b̄ decays

The decay matrix element yields:

Mλt

λW+λb
=

∑

J,M

(2J + 1

4π

)1/2
ei(M−λ)φ∗

W+ dJ
Mλ(θ∗W+)AM

λW+λb
(18)

where λ = λW+ − λb. The angles φ∗
W+ and θ∗W+ are defined in the top rest frame (denoted with ∗)

as:

p∗t = (mt, 0, 0, 0) (19)

p∗W+ = (mt − E∗
b , |&p∗b | sin θ∗W+ cos φ∗

W+, |&p∗b | sin θ∗W+ sin φ∗
W+ , |&p∗b | cos θ∗W+) (20)

p∗b = (E∗
b ,−|&p∗b | sin θ∗W+ cos φ∗

W+ ,−|&p∗b | sin θ∗W+ sinφ∗
W+ ,−|&p∗b | cos θ∗W+) (21)

where sin θ∗W+ > 0. By neglecting b quark mass, we find

E∗
b = |&p∗b | =

(m2
t − m2

W )

2mt
(22)

Let us note:

• The summation is over J = 1/2 and M = ±1/2.

• We assume b quark is massless and couples both left-handedly (SM like), b̄LΓµtL and right-

handedly, b̄RΓµtR, which leads to

λb = (−) and (+) (23)

• The helicity of W+ can be 0,±1 however, to satisfy the condition, |λ| ≤ 1/2, we find the

allowed combination to be:

(λW+ ,λb) = (0,−), (−,−), (0,+), (+,+) (24)

3

Thus, the helicity amplitude yields:

Mλt

λW+λb
=

( 2

4π

)1/2
× (25)

(+0−) → d1/2
+1/2+1/2A

+
0− = cos

θ∗W+

2
A+

0− (26)

(+−−) → eiφ∗

W+ d1/2
+1/2−1/2A

+
−− = −eiφ∗

W+ sin
θ∗W+

2
A+

−− (27)

(−0−) → e−iφ∗

W+ d1/2
−1/2+1/2A

−
0− = −e−iφ∗

W+ sin
θ∗W+

2
A−

0− (28)

(−−−) → d1/2
−1/2−1/2A

−
−− = cos

θ∗W+

2
A−

−− (29)

(+0+) → eiφ∗

W+ d1/2
+1/2−1/2A

+
0+ = −eiφ∗

W+ sin
θ∗W+

2
A+

0+ (30)

(+++) → d1/2
+1/2+1/2A

+
++ = cos

θ∗W+

2
A+

++ (31)

(−0+) → d1/2
−1/2−1/2A

−
0+ = cos

θ∗W+

2
A−

0+ (32)

(−++) → e−iφ∗

W+ d1/2
−1/2+1/2A

−
++ = −e−iφ∗

W+ sin
θ∗W+

2
A−

++ (33)

(34)

Note for the anti-top decay, we also allow the SM-like left-handed coupling t̄LΓµbL as well as

right-handed t̄RΓµbR. The obtained result is exactly the same except for the helicity λb̄/t̄ = ±
corresponds to left- and right-handed b̄ and t̄, respectively. The angles can be defined in a similar

way, but in the rest frame of t̄.

1.3 The angular distribution of W+ → l+ν and W− → l−ν̄ decays

The decay matrix element yields:

MλW+

λl+λν
=

∑

J,M

(2J + 1

4π

)1/2
ei(M−λ)φ∗∗

e+ dJ
Mλ(θ∗∗l+)AM

λl+λν
(35)

where λ = λl+ − λν . The angles φ∗∗
l+ and θ∗∗l+ are defined in the top rest frame (denoted with ∗∗) as:

p∗∗W+ = (mW , 0, 0, 0) (36)

p∗∗l+ = (E∗∗
l+ , |%p∗∗l+ | sin θ∗∗l+ cos φ∗∗

l+ , |%p∗∗l+ | sin θ∗∗l+ sin φ∗∗
l+ , |%p∗∗l+ | cos θ∗∗l+) (37)

p∗∗ν = (mW − E∗∗
l+ ,−|%p∗∗l+ | sin θ∗∗l+ cos φ∗∗

l+ ,−|%p∗∗l+ | sin θ∗∗l+ sin φ∗∗
l+ ,−|%p∗∗l+ | cos θ∗∗l+) (38)

where sin θ∗∗l+ > 0. By neglecting the lepton masses, we find

E∗∗
l+ = |%p∗∗l+ | =

mW

2
(39)

Let us note:

4

  The top physics is one of the three pillars of linear collider physics 
program.  
  Current on-going studies in the ILC collaboration include:  
! Properties of top: mass, width and cross section

! Coupling of top, namely, top Yukawa coupling                            
! BSM: anomalous couplings to BSM gauge bosons (Z’, W’, Extra 
dimension etc) ! Top Electroweak coupling.

    Top Physics at LCs H Wt
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Introduction

The Analysis

1 The analysis is done on the semi-leptonic decay of the top
quark:
tt̄ −→ (bW )(bW ) −→ (bqq)(blν)

2 Analysis at
√

s = 500GeV with an integrated luminosity
L = 500 fb−1.

3 We use the charge of the lepton to know the charge of the
top.

4 The full simulation are done with the ILD detector (Mokka +
Whizard software).

5 The reconstruction is based on the Particle Flow Algorithm
(Pandora) and is done with Marlin on the data samples
prepare for the LOI.
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and other reasons, the t quark is expected to be a window to any new physics at the
TeV energy scale. New physics will modify the electro-weak ttX vertex described
in the Standard Model by Vector and Axial vector couplings V and A to the vector
bosons X = γ, Z0,

Generally speaking, an e+e− linear collider (LC) can measure t quark electroweak
couplings at the % level. In contrast to the situation at hadron colliders, the leading-
order pair production process e+e− → tt goes directly through the ttZ0 and ttγ
vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. The Ref. [1] uses

ΓttX
µ (k2, q, q) = ie

{
γµ

(
F̃X
1V (k

2) + γ5F̃
X
1A(k

2)
)
+

(q − q)µ
2mt

(
F̃X
2V (k

2) + γ5F̃
X
2A(k

2)
)}

.

(1)
with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory

The Gordon composition of the current reads

ΓttX
µ (k2, q, q) = −ie

{
γµ

(
FX
1V (k

2) + γ5F
X
1A(k

2)
)
+

σµν

2mt
(q + q)µ

(
iFX

2V (k
2) + γ5F

X
2A(k

2)
)}

,

(2)
with σµν = i

2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)

Within the Standard Model the Fi have the following values:

F γ,SM
1V = −2

3
, F γ,SM

1A = 0, FZ,SM
1V = − 1

4swcw

(
1− 8

3
s2w

)
, FZ,SM

1A =
1

4swcw
, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW . The coupling
F γ
2V is related via F γ

2V = Qt(g−2)/2 to the anomalous magnetic moment (g−2) with
Qt being the electrical charge of the t quark. The coupling F2A is related to the dipole
moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
CP . Note, that all the expressions above are given at Born level. Throughout the
article no attempt will be made to go beyond that level.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [2,3], which can operate at centre-of-mass energies between about
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ttbar production

top decay

W decay



Lagrangian for tt̅ production

3 Expected sensitivity to the form factors : LO example

3.1 Narrow Width Approximation

In the narrow width approximation, and at born level, the distribution of events can be described

in the helicity formalism. We denote λx the helicity of particle x.

• The matrix element of the production of the tt̄ pair through Z/γ is denoted as : Mλt,λt̄
λeλē

,

• The matrix element of the decay t → l+νl b : Mλt
λl̄,λν ,λb

,

• The matrix element of the decay t̄ → l−ν̄l b̄ : Mλt̄
λl,λν̄ ,λb̄

.

For fully polarized beams, the distribution of events is described by:

| Mλeλē |2=
∑

λb,λb̄,λl̄λl,λν ,λν̄

|
∑

λt,λt̄

Mλt,λt̄
λe,λē

Mλt
λl̄,λν ,λb

Mλt̄
λl,λν̄ ,λb̄

|2 (1)

In the following we assume that the data analysis aims to probe the couplings of the top to the

Z/γ. The coupling of the W is assumed to be the one of the Standard Model (SM): for the massless

b, l and ν only the left-handed helicities are involved, and the first sum can be removed.

3.2 Form factors and the angular distribution

By using the angular distribution of the top quark production and decays, which can be obtained

by measuring the kinematics of the fully leptonic decays, as discussed in the previous section, we

can extract the top quark polarization pattern. In particular, this pattern carries the information

of the interactions which produce the top and anti-top pair. In [9], assuming that the tt̄ pair is

produced from annihilation of e+e− into a spin one particle, the most general Lagrangian for the

top and anti-top production are obtained in terms of the form factors as:

Lint =
∑

v=γ,Z

gv
[
V v
l t̄γ

l(F v
1V + F v

1Aγ5)t+
i

2mt
∂νVl t̄σ

lν(F v
2V + F v

2Aγ5)t

]
(2)

Since for the EDM term, the coupling F γ/Z
2A can be a complex number, we have ten real form

factors. Note that in the literature, one can find different notation using the form factors F̃ ’s (see

e.g. [10]). Our numerical result is partially given in terms of F̃ ’s for comparison but these two

definitions are related via simple formulae:

˜F v
1V = −(F v

1V + F v
2V ), ˜F v

2V = F v
2V , ˜F v

1A = −F v
1A, ˜F v

2A = −iF v
2A

5

By using these form factors, the angular distribution for each combination of the initial and the

final polarization stems from the sum of the γ and Z exchange amplitudes (see e.g. [11]):

M(eLēR → tLt̄R)
γ/Z = cγ/ZL [F γ/Z

1V − βF γ/Z
1A + F γ/Z

2V ](1 + cos θ)e−iφ (3)

M(eLēR → tRt̄L)
γ/Z = cγ/ZL [F γ/Z

1V + βF γ/Z
1A + F γ/Z

2V ](1− cos θ)e−iφ (4)

M(eLēR → tLt̄L)
γ/Z = cγ/ZL γ−1[F γ/Z

1V + γ2(F γ/Z
2V + βF γ/Z

2A )] sin θe−iφ (5)

M(eLēR → tRt̄R)
γ/Z = cγ/ZL γ−1[F γ/Z

1V + γ2(F γ/Z
2V − βF γ/Z

2A )] sin θe−iφ (6)

M(eRēL → tLt̄R)
γ/Z = −cγ/ZR [F γ/Z

1V − βF γ/Z
1A + F γ/Z

2V ](1− cos θ)eiφ (7)

M(eRēL → tRt̄L)
γ/Z = −cγ/ZR [F γ/Z

1V + βF γ/Z
1A + F γ/Z

2V ](1 + cos θ)eiφ (8)

M(eRēL → tLt̄L)
γ/Z = cγ/ZR γ−1[F γ/Z

1V + γ2(F γ/Z
2V + βF γ/Z

2A )] sin θeiφ (9)

M(eRēL → tRt̄R)
γ/Z = cγ/ZR γ−1[F γ/Z

1V + γ2(F γ/Z
2V − βF γ/Z

2A )] sin θeiφ (10)

where β2 = 1− 4m2
t /s, γ =

√
s/(2mt) and the overall factors cγ/ZL/R are:

cγL = −1, cγR = −1, cZL =

(
−1/2 + s2w

swcs

)(
s

s−m2
Z

)
, cZR =

(
s2w
swcs

)(
s

s−m2
Z

)
(11)

where sw = sin θw and cw = cos θW , with θW being the weak mixing angle.

The core of the experimental technique advocated here is to use the complete kinematics of the

final state to perform a likelihood analysis based on the complete PDF as provided by the matrix

element of the process. Doing so, the analysis is optimal, since it uses all available information.

3.3 Optimal data analysis

Let’s define | M |2 (α) the complete matrix element squared, for a given beam polarizations. It

depends on k constants, here collectively denoted by α. Upon integration over phase space, and

for a given luminosity L, one expects a number of events:

N(α) = L
∫

| M |2 (α) dLips (12)

where the Lorentz invariant phase space is:

dLips ∝ d cos θt d cos θb dφb d cos θb̄ dφb̄ d cos θl+ dφl+ d cos θl− dφl− dq2t dq2t̄ dq2W dq2W̄ (13)

where the angles are defined in the appropriate rest frames, and the q2’s are the invariant masses

of the top’s and W’s. Note that, since the normal to the plane defined by the e+e− pair and the

tt̄ pair can be used as a reference to measure the azimuthal angles, all angles involved in the 6

particle final state a priori contribute to | Mλeλē |2, up to an overall rotation around the z axis

that allows to set φt = 0, which therefore does not appear in dLips. In the following illustration,

one uses the narrow width approximation, so that the four q2 are integrated out. As a result the

Lorentz invariant phase space is reduced to nine-dimension.
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  The top physics is one of the three pillars of linear collider physics 
program.  
  Current on-going studies in the ILC collaboration include:  
! Properties of top: mass, width and cross section

! Coupling of top, namely, top Yukawa coupling                            
! BSM: anomalous couplings to BSM gauge bosons (Z’, W’, Extra 
dimension etc) ! Top Electroweak coupling.
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Introduction

The Analysis

1 The analysis is done on the semi-leptonic decay of the top
quark:
tt̄ −→ (bW )(bW ) −→ (bqq)(blν)

2 Analysis at
√

s = 500GeV with an integrated luminosity
L = 500 fb−1.

3 We use the charge of the lepton to know the charge of the
top.

4 The full simulation are done with the ILD detector (Mokka +
Whizard software).

5 The reconstruction is based on the Particle Flow Algorithm
(Pandora) and is done with Marlin on the data samples
prepare for the LOI.
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and other reasons, the t quark is expected to be a window to any new physics at the
TeV energy scale. New physics will modify the electro-weak ttX vertex described
in the Standard Model by Vector and Axial vector couplings V and A to the vector
bosons X = γ, Z0,

Generally speaking, an e+e− linear collider (LC) can measure t quark electroweak
couplings at the % level. In contrast to the situation at hadron colliders, the leading-
order pair production process e+e− → tt goes directly through the ttZ0 and ttγ
vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. The Ref. [1] uses

ΓttX
µ (k2, q, q) = ie

{
γµ

(
F̃X
1V (k

2) + γ5F̃
X
1A(k

2)
)
+

(q − q)µ
2mt

(
F̃X
2V (k

2) + γ5F̃
X
2A(k

2)
)}

.

(1)
with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory

The Gordon composition of the current reads

ΓttX
µ (k2, q, q) = −ie

{
γµ

(
FX
1V (k

2) + γ5F
X
1A(k

2)
)
+

σµν

2mt
(q + q)µ

(
iFX

2V (k
2) + γ5F

X
2A(k

2)
)}

,

(2)
with σµν = i

2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)

Within the Standard Model the Fi have the following values:

F γ,SM
1V = −2

3
, F γ,SM

1A = 0, FZ,SM
1V = − 1

4swcw

(
1− 8

3
s2w

)
, FZ,SM

1A =
1

4swcw
, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW . The coupling
F γ
2V is related via F γ

2V = Qt(g−2)/2 to the anomalous magnetic moment (g−2) with
Qt being the electrical charge of the t quark. The coupling F2A is related to the dipole
moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
CP . Note, that all the expressions above are given at Born level. Throughout the
article no attempt will be made to go beyond that level.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [2,3], which can operate at centre-of-mass energies between about
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105-6 ttbar pairs production 
at sqrt[s]=500 GeV with 500 fb-1!

Top electroweak couplings

generated by the existence of a new strong sector, inspired by QCD, that may man-
ifest itself at energies of around 1TeV. In all realisations of the new strong sector,
as for example Randall-Sundrum models [1] or compositeness models [2], Standard
Model fields would couple to the new sector with a strength that is proportional to
their mass. For this and other reasons, the t quark is expected to be a window to any
new physics at the TeV energy scale. New physics will modify the electro-weak ttX
vertex described in the Standard Model by Vector and Axial vector couplings V and
A to the vector bosons X = γ, Z0.

Generally speaking, an e+e− linear collider (LC) can measure t quark electro-
weak couplings at the % level. In contrast to the situation at hadron colliders, the
leading-order pair production process e+e− → tt goes directly through the ttZ0 and
ttγ vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. Ref. [3] uses:

ΓttX
µ (k2, q, q) = ie

{
γµ

(
F̃X
1V (k

2) + γ5F̃
X
1A(k

2)
)
+

(q − q)µ
2mt

(
F̃X
2V (k

2) + γ5F̃
X
2A(k

2)
)}

.

(1)
with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory

Applying the Gordon identity to the vector and axial vector currents in Eq. 1 the
parametrisation of the ttX vertex can be written as:

ΓttX
µ (k2, q, q) = −ie

{
γµ

(
FX
1V (k

2) + γ5F
X
1A(k

2)
)
+

σµν

2mt
(q + q)µ

(
iFX

2V (k
2) + γ5F

X
2A(k

2)
)}

,

(2)
with σµν = i

2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)

Within the Standard Model the Fi have the following values:

F γ,SM
1V = −2

3
, F γ,SM

1A = 0, FZ,SM
1V = − 1

4swcw

(
1− 8

3
s2w

)
, FZ,SM

1A =
1

4swcw
, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW .

All the expressions above are given at Born level. Throughout the article no
attempt will be made to go beyond that level. The coupling F γ

2V is related via
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and other reasons, the t quark is expected to be a window to any new physics at the
TeV energy scale. New physics will modify the electro-weak ttX vertex described
in the Standard Model by Vector and Axial vector couplings V and A to the vector
bosons X = γ, Z0,

Generally speaking, an e+e− linear collider (LC) can measure t quark electroweak
couplings at the % level. In contrast to the situation at hadron colliders, the leading-
order pair production process e+e− → tt goes directly through the ttZ0 and ttγ
vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. The Ref. [1] uses
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with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory
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2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)
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with sw and cw being the sine and the cosine of the Weinberg angle θW . The coupling
F γ
2V is related via F γ

2V = Qt(g−2)/2 to the anomalous magnetic moment (g−2) with
Qt being the electrical charge of the t quark. The coupling F2A is related to the dipole
moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
CP . Note, that all the expressions above are given at Born level. Throughout the
article no attempt will be made to go beyond that level.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [2,3], which can operate at centre-of-mass energies between about
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! new physics models 

In SM, X=!, Z 

CP violating

F γ
2V = Qt(g − 2)/2 to the anomalous magnetic moment (g − 2) with Qt being the

electrical charge of the t quark. The coupling F2A is related to the dipole moment
d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry CP . Due
to the γ/Z0 interference the t pair production is sensitive to the sign of the individual
form factors. This is in contrast to couplings of t quarks to γ and Z0 individually
where the form factors enter only quadratically. The authors of [4] use LEP data to
set indirect constraints on the electric form factors FZ

1V,A. These limits are sufficient

to exclude an ambiguity for FZ
1A but not for FZ

1V . In [4] also rough estimates for |F γ,Z
2V |

are given.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [5], which can operate at centre-of-mass energies between the Z0 pole
to 1TeV. The ILC provides an ideal environment to measure these couplings. The
tt pairs would be copiously produced, several 100,000 events at

√
s = 500 GeV for

an integrated luminosity of 500 fb−1. It is possible to almost entirely eliminate the
background from other Standard Model processes. The ILC will allow for polarised
electron and positron beams. With the use of polarised beams, t and t quarks oriented
toward different angular regions in the detector are enriched in left-handed or right-
handed t quark helicity [6]. This means that the experiments can independently access
the couplings of left- and right-handed chiral parts of the t quark wave function to
the Z0 boson and the photon. In principle, the measurement of the cross section
and forward-backward asymmetry At

FB for two different polarisation settings allows
extracting both, the photon and Z0 couplings of the t quark for each helicity state.
This study introduces the angle of the decay lepton in semi-leptonic decays of the tt
in the rest frame of the t quark. This angle will be called the helicity angle. The
slope of the resulting angular distribution is a measure for the fraction of t quarks in
left-handed helicity state, tL and right-handed helicity state, tR, in a given sample.
There are therefore six independent observables

• The cross section;

• The forward backward asymmetry At
FB;

• The slope of the distribution of the helicity angle;

for two beam polarisations. For the extraction of the six CP conserving form factors
defined for the Z0 and the photon, F1V , F1A and F2V , the following observations have
to be taken into account: Close to the tt threshold the observables depend always
on the sum F1V + F2V . Therefore a full disentangling of the form factors will be
imprecise for energies below about 1 TeV. Hence, in the present study either the
four form factors F1V,A are varied simultaneously, while the two F2V are kept at their

3



Lagrangian for tt̅ production

3 Expected sensitivity to the form factors : LO example

3.1 Narrow Width Approximation

In the narrow width approximation, and at born level, the distribution of events can be described

in the helicity formalism. We denote λx the helicity of particle x.

• The matrix element of the production of the tt̄ pair through Z/γ is denoted as : Mλt,λt̄
λeλē

,

• The matrix element of the decay t → l+νl b : Mλt
λl̄,λν ,λb

,

• The matrix element of the decay t̄ → l−ν̄l b̄ : Mλt̄
λl,λν̄ ,λb̄

.

For fully polarized beams, the distribution of events is described by:

| Mλeλē |2=
∑

λb,λb̄,λl̄λl,λν ,λν̄

|
∑

λt,λt̄

Mλt,λt̄
λe,λē

Mλt
λl̄,λν ,λb

Mλt̄
λl,λν̄ ,λb̄

|2 (1)

In the following we assume that the data analysis aims to probe the couplings of the top to the

Z/γ. The coupling of the W is assumed to be the one of the Standard Model (SM): for the massless

b, l and ν only the left-handed helicities are involved, and the first sum can be removed.

3.2 Form factors and the angular distribution

By using the angular distribution of the top quark production and decays, which can be obtained

by measuring the kinematics of the fully leptonic decays, as discussed in the previous section, we

can extract the top quark polarization pattern. In particular, this pattern carries the information

of the interactions which produce the top and anti-top pair. In [9], assuming that the tt̄ pair is

produced from annihilation of e+e− into a spin one particle, the most general Lagrangian for the

top and anti-top production are obtained in terms of the form factors as:

Lint =
∑

v=γ,Z

gv
[
V v
l t̄γ

l(F v
1V + F v

1Aγ5)t+
i

2mt
∂νVl t̄σ

lν(F v
2V + F v

2Aγ5)t

]
(2)

Since for the EDM term, the coupling F γ/Z
2A can be a complex number, we have ten real form

factors. Note that in the literature, one can find different notation using the form factors F̃ ’s (see

e.g. [10]). Our numerical result is partially given in terms of F̃ ’s for comparison but these two

definitions are related via simple formulae:

˜F v
1V = −(F v

1V + F v
2V ), ˜F v

2V = F v
2V , ˜F v

1A = −F v
1A, ˜F v

2A = −iF v
2A

5

By using these form factors, the angular distribution for each combination of the initial and the

final polarization stems from the sum of the γ and Z exchange amplitudes (see e.g. [11]):

M(eLēR → tLt̄R)
γ/Z = cγ/ZL [F γ/Z

1V − βF γ/Z
1A + F γ/Z

2V ](1 + cos θ)e−iφ (3)

M(eLēR → tRt̄L)
γ/Z = cγ/ZL [F γ/Z

1V + βF γ/Z
1A + F γ/Z

2V ](1− cos θ)e−iφ (4)

M(eLēR → tLt̄L)
γ/Z = cγ/ZL γ−1[F γ/Z

1V + γ2(F γ/Z
2V + βF γ/Z

2A )] sin θe−iφ (5)

M(eLēR → tRt̄R)
γ/Z = cγ/ZL γ−1[F γ/Z

1V + γ2(F γ/Z
2V − βF γ/Z

2A )] sin θe−iφ (6)

M(eRēL → tLt̄R)
γ/Z = −cγ/ZR [F γ/Z

1V − βF γ/Z
1A + F γ/Z

2V ](1− cos θ)eiφ (7)

M(eRēL → tRt̄L)
γ/Z = −cγ/ZR [F γ/Z

1V + βF γ/Z
1A + F γ/Z

2V ](1 + cos θ)eiφ (8)

M(eRēL → tLt̄L)
γ/Z = cγ/ZR γ−1[F γ/Z

1V + γ2(F γ/Z
2V + βF γ/Z

2A )] sin θeiφ (9)

M(eRēL → tRt̄R)
γ/Z = cγ/ZR γ−1[F γ/Z

1V + γ2(F γ/Z
2V − βF γ/Z

2A )] sin θeiφ (10)

where β2 = 1− 4m2
t /s, γ =

√
s/(2mt) and the overall factors cγ/ZL/R are:

cγL = −1, cγR = −1, cZL =

(
−1/2 + s2w

swcs

)(
s

s−m2
Z

)
, cZR =

(
s2w
swcs

)(
s

s−m2
Z

)
(11)

where sw = sin θw and cw = cos θW , with θW being the weak mixing angle.

The core of the experimental technique advocated here is to use the complete kinematics of the

final state to perform a likelihood analysis based on the complete PDF as provided by the matrix

element of the process. Doing so, the analysis is optimal, since it uses all available information.

3.3 Optimal data analysis

Let’s define | M |2 (α) the complete matrix element squared, for a given beam polarizations. It

depends on k constants, here collectively denoted by α. Upon integration over phase space, and

for a given luminosity L, one expects a number of events:

N(α) = L
∫

| M |2 (α) dLips (12)

where the Lorentz invariant phase space is:

dLips ∝ d cos θt d cos θb dφb d cos θb̄ dφb̄ d cos θl+ dφl+ d cos θl− dφl− dq2t dq2t̄ dq2W dq2W̄ (13)

where the angles are defined in the appropriate rest frames, and the q2’s are the invariant masses

of the top’s and W’s. Note that, since the normal to the plane defined by the e+e− pair and the

tt̄ pair can be used as a reference to measure the azimuthal angles, all angles involved in the 6

particle final state a priori contribute to | Mλeλē |2, up to an overall rotation around the z axis

that allows to set φt = 0, which therefore does not appear in dLips. In the following illustration,

one uses the narrow width approximation, so that the four q2 are integrated out. As a result the

Lorentz invariant phase space is reduced to nine-dimension.

6

  The top physics is one of the three pillars of linear collider physics 
program.  
  Current on-going studies in the ILC collaboration include:  
! Properties of top: mass, width and cross section

! Coupling of top, namely, top Yukawa coupling                            
! BSM: anomalous couplings to BSM gauge bosons (Z’, W’, Extra 
dimension etc) ! Top Electroweak coupling.
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Introduction

The Analysis

1 The analysis is done on the semi-leptonic decay of the top
quark:
tt̄ −→ (bW )(bW ) −→ (bqq)(blν)

2 Analysis at
√

s = 500GeV with an integrated luminosity
L = 500 fb−1.

3 We use the charge of the lepton to know the charge of the
top.

4 The full simulation are done with the ILD detector (Mokka +
Whizard software).

5 The reconstruction is based on the Particle Flow Algorithm
(Pandora) and is done with Marlin on the data samples
prepare for the LOI.
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and other reasons, the t quark is expected to be a window to any new physics at the
TeV energy scale. New physics will modify the electro-weak ttX vertex described
in the Standard Model by Vector and Axial vector couplings V and A to the vector
bosons X = γ, Z0,

Generally speaking, an e+e− linear collider (LC) can measure t quark electroweak
couplings at the % level. In contrast to the situation at hadron colliders, the leading-
order pair production process e+e− → tt goes directly through the ttZ0 and ttγ
vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. The Ref. [1] uses

ΓttX
µ (k2, q, q) = ie

{
γµ

(
F̃X
1V (k

2) + γ5F̃
X
1A(k

2)
)
+

(q − q)µ
2mt

(
F̃X
2V (k

2) + γ5F̃
X
2A(k

2)
)}

.

(1)
with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory

The Gordon composition of the current reads

ΓttX
µ (k2, q, q) = −ie

{
γµ

(
FX
1V (k

2) + γ5F
X
1A(k

2)
)
+

σµν

2mt
(q + q)µ

(
iFX

2V (k
2) + γ5F

X
2A(k

2)
)}

,

(2)
with σµν = i

2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)

Within the Standard Model the Fi have the following values:

F γ,SM
1V = −2

3
, F γ,SM

1A = 0, FZ,SM
1V = − 1

4swcw

(
1− 8

3
s2w

)
, FZ,SM

1A =
1

4swcw
, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW . The coupling
F γ
2V is related via F γ

2V = Qt(g−2)/2 to the anomalous magnetic moment (g−2) with
Qt being the electrical charge of the t quark. The coupling F2A is related to the dipole
moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
CP . Note, that all the expressions above are given at Born level. Throughout the
article no attempt will be made to go beyond that level.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [2,3], which can operate at centre-of-mass energies between about

2
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105-6 ttbar pairs production 
at sqrt[s]=500 GeV with 500 fb-1!

Top electroweak couplings

generated by the existence of a new strong sector, inspired by QCD, that may man-
ifest itself at energies of around 1TeV. In all realisations of the new strong sector,
as for example Randall-Sundrum models [1] or compositeness models [2], Standard
Model fields would couple to the new sector with a strength that is proportional to
their mass. For this and other reasons, the t quark is expected to be a window to any
new physics at the TeV energy scale. New physics will modify the electro-weak ttX
vertex described in the Standard Model by Vector and Axial vector couplings V and
A to the vector bosons X = γ, Z0.

Generally speaking, an e+e− linear collider (LC) can measure t quark electro-
weak couplings at the % level. In contrast to the situation at hadron colliders, the
leading-order pair production process e+e− → tt goes directly through the ttZ0 and
ttγ vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. Ref. [3] uses:

ΓttX
µ (k2, q, q) = ie

{
γµ

(
F̃X
1V (k

2) + γ5F̃
X
1A(k

2)
)
+

(q − q)µ
2mt

(
F̃X
2V (k

2) + γ5F̃
X
2A(k

2)
)}

.

(1)
with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory

Applying the Gordon identity to the vector and axial vector currents in Eq. 1 the
parametrisation of the ttX vertex can be written as:

ΓttX
µ (k2, q, q) = −ie

{
γµ

(
FX
1V (k

2) + γ5F
X
1A(k

2)
)
+

σµν

2mt
(q + q)µ

(
iFX

2V (k
2) + γ5F

X
2A(k

2)
)}

,

(2)
with σµν = i

2 (γµγν − γνγµ). The couplings or form factors F̃X
i and FX

i appearing in
Eqs. 1 and 2 are related via

F̃X
1V = −

(
FX
1V + FX

2V

)
, F̃X

2V = FX
2V , F̃X

1A = −FX
1A , F̃X

2A = −iFX
2A . (3)

Within the Standard Model the Fi have the following values:

F γ,SM
1V = −2

3
, F γ,SM

1A = 0, FZ,SM
1V = − 1

4swcw

(
1− 8

3
s2w

)
, FZ,SM

1A =
1

4swcw
, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW .

All the expressions above are given at Born level. Throughout the article no
attempt will be made to go beyond that level. The coupling F γ

2V is related via
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and other reasons, the t quark is expected to be a window to any new physics at the
TeV energy scale. New physics will modify the electro-weak ttX vertex described
in the Standard Model by Vector and Axial vector couplings V and A to the vector
bosons X = γ, Z0,

Generally speaking, an e+e− linear collider (LC) can measure t quark electroweak
couplings at the % level. In contrast to the situation at hadron colliders, the leading-
order pair production process e+e− → tt goes directly through the ttZ0 and ttγ
vertices. There is no concurrent QCD production of t quark pairs, which increases
greatly the potential for a clean measurement. In the literature there a various ways
to describe the current at the ttX vertex. The Ref. [1] uses
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with k2 being the four momentum of the exchanged boson and q and q the four vectors
of the t and t quark. Further γµ with µ = 0, .., 3 are the Dirac matrices describing
vector currents and γ5 = iγ0γ1γ2γ3 is the Dirac matrix allowing to introduce an axial
vector current into the theory

The Gordon composition of the current reads
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i appearing in
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Within the Standard Model the Fi have the following values:
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1V = −2
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1A = 0, FZ,SM
1V = − 1

4swcw

(
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)
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, (4)

with sw and cw being the sine and the cosine of the Weinberg angle θW . The coupling
F γ
2V is related via F γ

2V = Qt(g−2)/2 to the anomalous magnetic moment (g−2) with
Qt being the electrical charge of the t quark. The coupling F2A is related to the dipole
moment d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry
CP . Note, that all the expressions above are given at Born level. Throughout the
article no attempt will be made to go beyond that level.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [2,3], which can operate at centre-of-mass energies between about
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! new physics models 

In SM, X=!, Z 

CP violating

F γ
2V = Qt(g − 2)/2 to the anomalous magnetic moment (g − 2) with Qt being the

electrical charge of the t quark. The coupling F2A is related to the dipole moment
d = (e/2mt)F2A(0) that violates the combined Charge and Parity symmetry CP . Due
to the γ/Z0 interference the t pair production is sensitive to the sign of the individual
form factors. This is in contrast to couplings of t quarks to γ and Z0 individually
where the form factors enter only quadratically. The authors of [4] use LEP data to
set indirect constraints on the electric form factors FZ

1V,A. These limits are sufficient

to exclude an ambiguity for FZ
1A but not for FZ

1V . In [4] also rough estimates for |F γ,Z
2V |

are given.

Today, the most advanced proposal for a linear collider is the International Linear
Collider, ILC [5], which can operate at centre-of-mass energies between the Z0 pole
to 1TeV. The ILC provides an ideal environment to measure these couplings. The
tt pairs would be copiously produced, several 100,000 events at

√
s = 500 GeV for

an integrated luminosity of 500 fb−1. It is possible to almost entirely eliminate the
background from other Standard Model processes. The ILC will allow for polarised
electron and positron beams. With the use of polarised beams, t and t quarks oriented
toward different angular regions in the detector are enriched in left-handed or right-
handed t quark helicity [6]. This means that the experiments can independently access
the couplings of left- and right-handed chiral parts of the t quark wave function to
the Z0 boson and the photon. In principle, the measurement of the cross section
and forward-backward asymmetry At

FB for two different polarisation settings allows
extracting both, the photon and Z0 couplings of the t quark for each helicity state.
This study introduces the angle of the decay lepton in semi-leptonic decays of the tt
in the rest frame of the t quark. This angle will be called the helicity angle. The
slope of the resulting angular distribution is a measure for the fraction of t quarks in
left-handed helicity state, tL and right-handed helicity state, tR, in a given sample.
There are therefore six independent observables

• The cross section;

• The forward backward asymmetry At
FB;

• The slope of the distribution of the helicity angle;

for two beam polarisations. For the extraction of the six CP conserving form factors
defined for the Z0 and the photon, F1V , F1A and F2V , the following observations have
to be taken into account: Close to the tt threshold the observables depend always
on the sum F1V + F2V . Therefore a full disentangling of the form factors will be
imprecise for energies below about 1 TeV. Hence, in the present study either the
four form factors F1V,A are varied simultaneously, while the two F2V are kept at their

3

✴ Using distribution of the events in the 9 dimensional phase space, 
we fit 10 form factors (Re[FV

1V, FV
1A, FV

2A, FV
2A] and Im[FV

2A] where 
V=γ,Z) ! 

✴ First, we test it with SM at LO. 



Numerical analysis: matrix element method

We apply likelihood method to obtain our numerical result:

N = N(α0)

ωi =
∂ | M |2 (α)

∂αi

∣∣∣∣
α0

1
| M |2 (α0)

Covariance matrix

         is the full matrix element and     is the parameter (i.e. form factors) and  
      is the normalization point, e.g. the SM LO value.  

V (−1)
ij = N 〈ωiωj〉0

full matrix elements

χ2(αi) = −2




Nexp∑

e=1

ln |M(αi)|2 −Nth(αi)





3 Guinea Pig

To assess the physics effects, the measurement of the variable r = Re(FZ
2V) is chosen as a guinea pig. This

choice is interesting because the measurement of this parameter stems essentially from the event distribution
in phase space: the total cross section, which is a very robust observable, only brings a negligeable piece of
information and so does the Forward Backward asymmetry2. In contrast, the azimuthal angles3 of the leptons
play an important role in the measurement. Being two Lorentz boosts away from the ILC frame, the kinematical
reconstruction of these angles is the most fragile: it depends critically on both the top’s and both the W’s to be
close to onshell. It is thus expected that the biases observed for this variable will be among the most prominent
ones.
The measurement of r is performed through the minimization of the χ2:

χ2(r) = −2

(
N∑

e=1

ln
(
1 + r ωr + r2 ω(2)

r

)
−N0(rΩr + r2 Ω(2)

r )

)
(1)

that makes use of the total cross section4. In the following, we set N (the total number of events at hand) equal
to N0 (the number of events predicted by the SM LO e+e− → tt̄ process)5. By construction, the expression of
the χ2 (that is defined up to an additive constant) is normalized to χ2(0) = 0 for the SM value r = 0.

4 Width effects

To assess the impact of the top’s and b’s being off-shell, we use a sample of 104 GRACE LO-events.
On Fig.(1) are shown the distributions of ωr at true level (blue histogram) and after reconstruction (red

histogram). Some differences are observed, but they are quite small, as further illustrated by Fig.(2) which
shows the distribution of the difference between the reconstructed and true values of ωr. However, one also
observes a long tail of events for which the ωr value has been strongly corrupted by the reconstruction: these
events tend to bias the measurement and degrade its statistical accuracy.

Figure 1: Distributions of the true and recon-
structed values of ωr, superimposed. The two dis-
tributions are barely distinguishable.

Figure 2: Distribution of the difference ωrec
r −ωtru

r .
Beside the dominant peak at the origin, a long
tail signals events where the information has been
corrupted by the reconstruction.

2More precisely, the total cross section provides a determination of r with an accuracy σ[r] ! 0.02 which is valuable per se, but
large compared to the measurement coming from phase space. However, if physics beyond tt̄ affects the total cross section, and
induces bias at the percent level or above, the total cross section becomes relevant. In the present study, no attempt is made to
make use of this, for a mere technical reason which could easily be solved. The contribution to the measurement of r of the Forward
Backward asymmetry is comparable (smaller) to the one of the total cross section.

3As defined in the helicity formalism used to compute the amplitude squared.
4Although it is numerically irrelevant. But for other fits to be discussed later, it is relevant, thus for simplicity we use the total

cross section everywhere in this note.
5There are two finesses here. Firstly, for a given luminosity, N is subject to statistical fluctuations and cannot be strictly equal

to N0. Secondly, in presence of physics beyond e+e− → tt̄ (e.g. the six fermion process, or NLO process) N should depart from N0

even in absence of statistical fluctuations. Both finesses are ignored here, also they are not irrelevant: they deserve more careful
scrutiny.
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✴Our result (at tree level) shows that the 10 form factors 
can be fitted simultaneously at less than a percent precision ! 

✴Indeed, the matrix element method (with full kinematical 
reconstruction) is a powerful tool! 

500 GeV&500 fb-1 Polarization 50/50 between ±80% and ±30%

Numerical analysis: SM LO result





Re δF̃ γ
1V Re δF̃Z

1V Re δF̃ γ
1A Re δF̃Z

1A Re δF̃ γ
2V Re δF̃Z

2V Re δF̃ γ
2A Re δF̃Z

2A Im δF̃ γ
2A Im δF̃Z

2A
0.0037 −0.18 −0.09 +0.14 +0.62 −0.15 0 0 0 0

0.0063 +.14 −0.06 −0.13 +0.61 0 0 0 0
0.0053 −0.15 −0.05 +0.09 0 0 0 0

0.0083 +0.06 −0.04 0 0 0 0
0.0105 −0.19 0 0 0 0

0.0169 0 0 0 0
0.0068 −0.15 0 0

0.0118 0 0
0.0069 −0.17

0.0100





Statistical uncertainties and correlation with the SM LO as normalization
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Estimating the errors from various sources

• In real experimental analysis, we have extra errors coming from 
various sources, such as 

✓The top and W widths effect 
✓The wrong B assignment effect
✓The irreducible 6 fermion background effect

• By using the GRACE event generator, we estimate these systematic 
errors as bias by using the same numerical analysis method. 

• These bias can be subtracted from the LO analysis of experimental 
data to correct this naive modeling. 

• The bias from the top and W widths as well as from the wrong B 
assignment are found to be at per mill level. 

• In the following, we focus on the irreducible background which 
comes from the 6 fermion final states (μ+μ-ν ν̄ b b̄ with all possible 
intermediated states).  



Estimating the errors from 6 fermions

• We analyze the events generated by GRACE which include all 
possible intermediate state (not only t t̄ ) going to 6 fermions as 
before, i.e. as LO events.  Then, compute the bias. 

• For illustration, we first perform one dimensional fit for Re[FZ2V]. 

• The bias is obtained as 0.013±0.002 with 105 events. Thus, we observe 
one percent level 6 fermion background contributions at 6 sigma. For 
10 parameter fit, we found that bias is slightly washed out. 

With such a large sample it is possible to explore the behavior of the bias as a function of phase space. On figure
(11) is shown the bias as a function of the true invariant mass of the triplet bµ+νµ or b̄µ−ν̄µ whichever is the
farther away from the nominal top mass value, per bin of 4 GeV. One observes that the bias strongly increases
above the nominal mass, as should be expected from the 6 fermions behavior which effect is the largest there.

Figure 11: The bias on the r measurement as a function of the true invariant mass of the triplet bµ+νµ or b̄µ−ν̄µ
which is the farther away from the nominal top mass value, per bin of 4 GeV, except for the last two points on
the right for which the bins are 8 GeV. The error bars indicate the statistical measurement accuracy.

In conclusion, requesting an acceptable tt̄ kinematical reconstruction ensures that the bias enduced by the
numerous non tt̄ diagrams is at the level of the percent

6.1 Multi parameter fit

At this stage, owing to the percent level bias observed with a single parameter fit, it is relevant to perform a
multi parameter fit . Using the set of 10 parameters of our preprint, and keeping 85% of the 104 events as above,
the truth fit gives the values indicated in the first line of the table below; the second line gives the statistical
uncertainties from the fit; the third line gives the expected statistical uncertainties; the fourth line gives the
shift observed with the reconstructed events; the fifth line give the measurements at truth level when no cut is
applied.





Re δF̃ γ
1V Re δF̃Z

1V Re δF̃ γ
1A Re δF̃Z

1A Re δF̃ γ
2V Re δF̃Z

2V Re δF̃ γ
2A Re δF̃Z

2A Im δF̃ γ
2A Im δF̃Z

2A
−0.0039 +0.0047 −0.0097 −0.0154 +0.0030 −0.0305 −0.0068 −0.0094 +0.0183 +0.0135
0.0062 0.0134 0.0097 0.0135 0.0204 0.0340 0.0114 0.0255 0.0185 0.0163
0.0063 0.0135 0.0097 0.0137 0.0205 0.0340 0.0115 0.0256 0.0187 0.0166

−0.0008 +0.0012 −0.0019 +0.0002 −0.0041 +0.0058 −0.0005 +0.0021 −0.0039 −0.0006
−0.0056 +0.0313 +0.0010 +0.0157 −0.0073 −0.0116 −0.0131 −0.0006 +0.0103 +0.0097





The statistical uncertainties of the fit (2nd line) are in excellent agreement with the expected statistical
uncertainties (3rd line) for the all parameters.

One observes that the truth level measurements are all within one sigma of zero: the tt̄ Standard Model χ2

being larger by only 9.5 units (for 10 degrees of freedom) from the minimum (a 0.7 sigma ”effect”). Furthermore,
the shifts between truth and reconstructed events are all much smaller than the statistical uncertainties. The
bias observed with the one parameter fit, at truth level and without cut, is diluted, not enlarged. It is reduced
from a 4 sigma effect to a 2.4 sigma effect (χ2 = 22 for 10 degrees of freedom).

The last four parameters are linked to CP violation which cannot be induced by the additional 6 fermions
diagrams. One may removed them from the fit to avoid the dilution caused by these 4 additional irrelevant
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The plot shows the bias on Re[FZ
2V] caused 

by the non t t̄ 6 fermion final states. 
This is computed with 100 % efficiency for 

kinematical reconstruction. 
We see that the 6 fermion contributions 

increases as the invariant mass of the top-
to-be (μνb) increase. 
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First NLO results

• First of all, we use GRACE event at NLO in EW which includes (both 
are narrow width approximation) 

‣ NLO t t̄ production x LO top decay

‣ LO  t t̄ production x NLO top decay

• We analyze GRACE t t̄ events including NLO contribution as LO t t̄ 
events.  Then, compute the bias. These bias can be subtracted from 
the LO analysis to correct this naive modeling. 

• For illustration, we first perform one dimensional fit for Re[FZ1A]. 

• The bias is obtained as 0.10±0.01 with 104 events, which is 10 sigma 
of shift (preliminary).  This confirms that indeed, the NLO 
contributions can reach to ten percent level. 

• We are now working on the 10 parameter fit where we find large 
deviations from LO in many of the form factors. This show that it is 
impossible to neglect NLO contribution in our analysis.   

E.K. Kurihara, Le Diberder in preparation



Conclusions
• In this talk, we have shown the sensitivity study of the ILC 

measurement of the tt̅-Z/γ anomalous coupling, which is a powerful 
observable to search for physics beyond the SM. 

• We propose to use the full angular distribution information to study 
the tt̅-Z/γ coupling more in detail, which can be done with the fully 
leptonic final states. 

• Using the matrix element method, we have shown that, at first, using 
the SM LO event distribution in the 9 dimensional phase space, we 
can fit 10 form factors simultaneously at less than a percent level. 

• We have estimated the various errors and found that the 6 fermion 
background leads to one percent level errors (without any 
optimization). 

• We have shown our first analysis result with NLO GRACE events 
(production and decay). Our preliminary results show that the impact 
of the NLO contributions to the form factors might be too large to 
persue the LO analysis. 


