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Why the muon’s anomalous magnetic moment?

The anomalous magnetic moment of the muon, aµ, can be
measured very precisely: [B. Lee Roberts, Chinese Phys. C 34, 2010]

aexperiment
µ = 116592089(63)× 10−11

There exist a ≈ 3σ discrepancy between aexperiment
µ and atheory

µ .

atheory
µ = 116591828(49)× 10−11

[Hagiwara et al., arXiv:1105.3149 [hep-ph], 2011]
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Why the muon’s anomalous magnetic moment?

aµ receives contributions from all parts of the Standard Model:

aµ = aQED
µ + aEW

µ + aQCD
µ

(
+aNP

µ

)

It is even sensitive to physics beyond the Standard Model

aNP
lepton ∝

m2
lepton

Λ2
NP

.

New experiments planned at Fermilab (E989) and JPARC aim to
reduce error by a factor of 4, such that

aexperiment
µ − atheory

µ > 5σ

becomes possible.

Grit Hotzel (HU Berlin) The muon’s g − 2 INFN Frascati 5 / 25



What is special about the QCD contributions?

Have to be responsible for the discrepancy, since the QED and
EW contributions can be computed reliably in perturbation theory.

Hadronic contributions cannot be computed perturbatively.

The leading hadronic contribution, ahvp
µ , is more than 20 times

larger than the current difference between theory and experiment.

Hadronic physics is nowadays the dominant source of uncertainty
in the Standard Model computation.

many groups try to improve the situation by performing lattice
QCD calculations⇒ different fermion actions used (Asqtad,
domain-wall, improved clover)⇒ possibility to cross-check results
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The anomalous magnetic moment of the muon

intrinsic property of charged particles

~µ = gµ

(
e

2mµ

)
~s, H = −~µ · ~B

Dirac equation predicts
gµ = 2

quantum corrections lead to anomaly

aµ =
gµ − 2

2
γ

µ

µ

those corrections involve contributions from all parts of the
Standard Model

aµ = aQED
µ + aEW

µ + aQCD
µ (+aNP

µ )
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The leading hadronic contribution ahvp
µ

aQCD
µ = alo,hvp

µ + aho,hvp
µ + albl

µ

µ

γ

had

µ

can be computed directly in Euclidean
space [T. Blum, PRL 91, 2003]

ahvp
µ = α2

∫ ∞

0

dQ2

Q2 w

(
Q2

m2
µ

)
ΠR(Q2)

where ΠR(Q2) = Π(Q2)− Π(0)

main ingredient: hadronic vacuum polarisation tensor

Πµν(Q) =

∫
d4xeiQ·(x−y)〈Jem

µ (x)Jem
ν (y)〉 = (QµQν −Q2gµν)Π(Q2)

where Jem
µ (x) = 2

3u(x)γµu(x)− 1
3d(x)γµd(x) + · · ·
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On the way to Πµν(x , y)

for the quarks use the twisted mass action [Frezzotti, Rossi, JHEP 007, 2004]

S(π2 )[χ, χ,U] =
∑

x

χ(x)
[
DW + m0 + iµqγ5τ

3
]
χ(x)

and the conserved (point-split) vector current

JC
µ (x) =

1
2

Qel

(
χ(x + µ̂)(1 + γµ)U†µ(x)χ(x)

− χ(x)(1− γµ)Uµ(x)χ(x + µ̂)
)

where Qel = diag(2
3 ,−

1
3)

satisfies lattice Ward identity

∂∗µJC
µ (x) = 0

determine
Πµν(x , y) = 〈JC

µ (x)JC
ν (y)〉

Wick contraction contains connected and disconnected
contributions
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Obtaining Π(Q̂2)

apply discrete Fourier transform to obtain

Πµν(Q̂) =
1
V

∑

x ,y

eiQ̂·(x+ µ̂
2−y− ν̂

2 )〈JC
µ (x)JC

ν (y)〉

project on
Pµν(Q̂) = (Q̂µQ̂ν − Q̂2gµν)

to procure Π(Q̂2)
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Disconnected contributions

violate OZI-rule, very expensive to calculate⇒ before usually
omitted
dedicated effort showed: for two degenerate quark flavours indeed
negligible
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consistent with chiral perturbation theory[Della Morte, Jüttner, JHEP 1011, 2010]
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Connected contributions - Obtaining ΠR(Q2)

have Π(Q̂2) depending on discrete momenta
to obtain smooth function fit this to

ΠM,N(Q2) =
M∑

i=1

g2
Vi

m2
Vi

Q2 + m2
Vi

+
N∑

n=0

bn(Q2)n

can be extrapolated to zero to determine ΠR(Q2)
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Connected contributions - Integration

ahvp
µ = α2

∫ ∞

0

dQ2

Q2 w

(
Q2

m2
µ

)
ΠR(Q2)

leading vector meson contribution

ahvp
µ ∝ α2g2

V
m2
µ

m2
V

⇒ strong dependence on mPS via mV
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use redefinition [Feng, Jansen, Petschlies, Renner, arXiv:1103.4818 [hep-lat], 2011]

ahvp
µ = α2

∫ ∞

0

dQ2

Q2 w

(
Q2

H2

H2
phys

m2
µ

)
ΠR(Q2)

which goes to ahvp
µ for mPS → mπ, i.e. when H → Hphys
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Results

ahvp
µ = α2

∫ ∞

0

dQ2

Q2 w

(
Q2

H2

H2
phys

m2
µ

)
ΠR(Q2)

with from top to bottom: H = mV , H = fV , H = 1

0 0.1 0.2 0.3 0.4

m
PS

2
   [GeV

2
]

1

2

3

4

5

6
a µhv

p  [
10

-8
]

a=0.079 fm  L=1.6 fm
a=0.079 fm  L=1.9 fm
a=0.079 fm  L=2.5 fm
a=0.063 fm  L=1.5 fm
a=0.063 fm  L=2.0 fm

[Feng, Jansen, Petschlies, Renner, arXiv:1103.4818 [hep-lat], 2011]
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Final result for two dynamical quarks

lattice QCD value [Feng, Jansen, Petschlies, Renner, arXiv:1103.4818 [hep-lat], 2011]

ahvp
µ = 5.72(16) · 10−8

this corresponds to uncertainty < 3%

very first time that this precision is achieved in lattice calculation of
ahvp
µ ⇒ Ken Wilson Lattice Award 2011 for Xu Feng, Karl Jansen,

Marcus Petschlies, and Dru B. Renner

consistent with extracted phenomenological value for two flavours

ahvp
µ = 5.67(05) · 10−8
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The method also works for g − 2 of electron and tau
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Mixed-action set-up

light quarks: twisted mass action as in Nf = 2 calculations for
valence and sea quarks
heavy sea quarks: twisted mass action for non-degenerate
fermion doublet [Frezzotti, Rossi, Nucl. Phys. Proc. Suppl. 128, 2004]

S(π2 )[χh, χh,U] =
∑

x

χh(x)
[
DW + m0 + iµσγ5τ

1 + µδτ
3
]
χh(x)

heavy valence quarks: Osterwalder-Seiler action for each flavour
[Frezzotti, Rossi, JHEP 070, 2004]

S(π2 )[χc/s, χc/s,U] =
∑

x

χc/s(x)
[
DW + m0 ± iµc/sγ5

]
χc/s(x)

action can be matched to twisted mass action of the sea quarks
by tuning bare mass parameters µf such that the unitary kaon and
D-meson masses are reproduced
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The first data points (preliminary)

The light quark contribution
from top to bottom: H = mV , H = 1

a = 0.078fm, L = 1.9fm
a = 0.078fm, L = 2.5fm
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preliminary result (statistical error only): ahvp
µ = 5.80(09) · 10−8

consistent with Nf = 2 result: ahvp
µ = 5.72(16) · 10−8
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The first data points (preliminary)

Total aµ
from top to bottom: H = mV , H = 1
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Summary

The leading-order hadronic contribution of gµ − 2 is a very
promising quantity to discover New Physics.

It is possible to calculate it on the lattice.

The method developed by Feng, Jansen, Petschlies, and Renner
for Nf = 2 dynamical twisted mass quarks seems to work also for
Nf = 2 + 1 + 1 with Osterwalder-Seiler valence quarks in the
heavy sector.
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Outlook

different lattice spacings and volumes
increase statistics by reusing some of the propagators
disconnected contributions
generalised boundary conditions
corrections to αQED

compute Adler function
include isospin breaking and electromagnetism
light-by-light scattering
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Thank you very much for your attention.
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