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• Indipendent oscillators model

• Collective motion and chain representation 

• Future work

• Opens systems and non-Markovian dynamics
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• General evoltion has a complicated form

it is necessary to introduce 
some approximation

• Interaction between the system and the environment

Open quantum systems
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H = HS +HE +HINT⇢ = ⇢S ⌦ ⇢E

d

dt
⇢S(t) = �i trE[H, ⇢(t)]
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• Markovian dynamics: the evolution has no memory terms

d

dt
⇢S(t) = �i[H, ⇢S(t)] +D[⇢S(t)] D[⇢S(t)] =
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• Physics: the bath timescale is much faster than the system

Markovian vs non-Markovian dynamics

• Non-Markovian dynamics memory terms
d

dt
⇢S(t) =

Z t

t0

dsK(t, s)⇢S(s)
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Why non-Markovian dynamics?

• Theoretical:

inflation models / semiclassical gravity

collapse models

• Experimental:

ultrafast chemical reactions (OLEDs, FMO)

quantum optics

statistical mechanics

solid state (PBG materials)



one needs to introduce a characterization, e.g. a particular model

Non-Markovian dynamics
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• All models proposed so far are phenomenological

lack of description emerging from first principles

• “Non-Markovian” is all what goes beyond the Markov 
approximation, no characterization is implied



The independent oscillators model

• System bilinearly coupled to N 
independent harmonic oscillators
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Chain mappings of open quantum systems 21
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Fig. 1 (a) The initial system-environment Hamiltonian before the mapping has been performed:
the system (depicted by the gray ball in the centre) couples directly to the degrees of freedom of the
enviroment (orange balls). (b) The system-environment Hamilatonian after the chain mapping has
been performed: the environment has been mapped onto a semi-infinite chain of nearest neighbour
interactions where the system now only couples to the first element in the chain. (c) The system-
environment Hamiltonian after the mth environmental degree of freedom has been embedded: the
new system, interacts with the new enviroment via the mth residual spectral density Jm(x).

gapless measures by redefining their domain such that they contain only non positive values
at the boundaries of their domain. It is not necessary to do this, but has some advantages
as some additional theorems will then apply. Also see remark (7).

Lemma 10 Given a measure dµ(x) with I = [Gq(g(kmin)), Gq(g(kmax))] if g is non-
decreasing and I = [Gq(g(kmax)), Gq(g(kmin))] if g is non-increasing and its corresponding
monic orthogonal polynomials {πn(dµ;x)}n=∞

n=0 , the following holds. One can construct the
set of functions {πn(dµ;x)}n=∞

n=0 ,

πn(dµ;x) := πn
(

dµ;Gq(g(x))
)

, n = 0, 1, 2, . . . , (128)

where

Gq(x) :=
−q(1 + q2) + 2

√

q4 + 4(1− q2)x2

4(1− q2)
x ≥ 0, q ∈ [0, 1] (129)

which satisfy the 3-term recurrence relation

πn+1(dµ;x) = (Gq(g(x))− αn(dµ)) πn(dµ;x)− βn(dµ)πn−1(dµ;x), (130)

π−1(dµ;x) := 0 n = 0, 1, 2, . . . (131)
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• Environmental coupling is determined by the spectral density
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⇡

2

X

k

c2k
!k

�(! � !k)

• Hamiltonian
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• Generalized Langevin equation (GLE)

Mẍ(t) +M

Z
t

0
dsK(t� s)ẋ(s) + V

x

(s) = f(t)

• Well known model:
Fluctuation dissipation relation

Master equation

Quantum Brownian  Motion

...

The independent oscillators model

J(!) , {xk(0), ẋk(0)}are functions ofK(t� s) , f(t)where
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• We do learn:

aim of the project is to understand how non-Markovian 
effects emerge from microscopic motion

What do we learn about NM?

• We do not learn:

new non-Markovian (or memory) effects

how they affect the system’s dynamics

how they arise from the microscopic motion



The chain model
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• System coupled to a chain 
of N harmonic oscillators

Chain mappings of open quantum systems 21
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Fig. 1 (a) The initial system-environment Hamiltonian before the mapping has been performed:
the system (depicted by the gray ball in the centre) couples directly to the degrees of freedom of the
enviroment (orange balls). (b) The system-environment Hamilatonian after the chain mapping has
been performed: the environment has been mapped onto a semi-infinite chain of nearest neighbour
interactions where the system now only couples to the first element in the chain. (c) The system-
environment Hamiltonian after the mth environmental degree of freedom has been embedded: the
new system, interacts with the new enviroment via the mth residual spectral density Jm(x).

gapless measures by redefining their domain such that they contain only non positive values
at the boundaries of their domain. It is not necessary to do this, but has some advantages
as some additional theorems will then apply. Also see remark (7).

Lemma 10 Given a measure dµ(x) with I = [Gq(g(kmin)), Gq(g(kmax))] if g is non-
decreasing and I = [Gq(g(kmax)), Gq(g(kmin))] if g is non-increasing and its corresponding
monic orthogonal polynomials {πn(dµ;x)}n=∞

n=0 , the following holds. One can construct the
set of functions {πn(dµ;x)}n=∞

n=0 ,

πn(dµ;x) := πn
(

dµ;Gq(g(x))
)

, n = 0, 1, 2, . . . , (128)

where

Gq(x) :=
−q(1 + q2) + 2

√

q4 + 4(1− q2)x2

4(1− q2)
x ≥ 0, q ∈ [0, 1] (129)

which satisfy the 3-term recurrence relation

πn+1(dµ;x) = (Gq(g(x))− αn(dµ)) πn(dµ;x)− βn(dµ)πn−1(dµ;x), (130)

π−1(dµ;x) := 0 n = 0, 1, 2, . . . (131)

• It gives a more physical idea of propagation

more suitable to study short time effects
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The chain representation
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Xk =
X

j

Qkjxj

• Idea: chain representation of the independent oscillators bath

Independent Chain

• Collective motion:

inverse 
eigenvalue 
problem

• Find  orthogonal 
Q such that
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ẍ1(t)
ẍ2(t)
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Ẍ3(t)

...

1

CCCA
= �

0

BBB@

⌦2
1 �D1 0 . . .

�D1 ⌦2
2 �D2 . . .

0 �D2 ⌦2
3 . . .

...
...

...
. . .

1

CCCA

0

BBB@

X1(t)
X2(t)
X3(t)

...

1

CCCA



• Approximation for the kernel of the GLE:

complicated transformation 
through hierarchical baths 

• First proposed by 
chemical physicists

looking for faster simulations

fitting parameters with 
observed dynamics
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The chain representation

K(t) ' K

(n)(t) + o(t4n)

• Short times truncated chain



Where do we stand?
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• General evolution for the chain model has a complicated form

no more a GLE but nested integrals

• The inverse eigenvalue problem has unique solution

• Final goal: 
Prove that 8n, 9T : x̃(n)

TC(t) = xIO(t), 8 t  T


