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Almeida, Alves, Éboli, Gonzalez-Garcia
arXiv:2108.04828
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Motivation for NLO in 1/Λ2 expansion

On (D6)2 LHC EFT Working Group, arXiv:2201.04974

On the “Inverse problem,” C. Zhang, arXiv:2112.11665
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The Standard Model

The SM field content is:

φI = {φ1, φ2, φ3, φ4} → Real 4 component scalar(
H = 1√

2

[
φ2 + iφ1

φ4 − iφ3

])
WA
µ = {W 1

µ ,W
2
µ ,W

3
µ , Bµ} → Real 4 component vector

GCµ → gluons

ψ → (chiral) fermions
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The Standard Model

The SM field content is:

φI = {φ1, φ2, φ3, φ4} → Real 4 component scalar(
H = 1√

2

[
φ2 + iφ1

φ4 − iφ3

])
WA
µ = {W 1

µ ,W
2
µ ,W

3
µ , Bµ} → Real 4 component vector

GCµ → gluons

ψ → (chiral) fermions

The SM Lagrangian is then:

L = δIJ (Dµφ)I(Dµφ)J − 1
4
δABW

A
µνW

B,µν − 1
4
GCµνG

C,µν

+iΨ̄ /DΨ + iψ̄ /Dψ + Yψ
(∼)

H Ψ̄ψ

+ LGF + Lghost︸ ︷︷ ︸
BFM gauge invar.

(Denner et al. hep-ph/9406204)
(Helset et al. arXiv:1803.08001)
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Ward Identities in the EW Standard Model

The master Ward Identity for the effective action (Γ):

δΓ
δαB

= 0 =
δW

µ
A

δαB
δΓ
δW

µ
A

+ δφJ

δαB
δΓ
δφI

+ fermions + glu

=
(
∂µδAB − ε

A
BCg2WC,µ

)
δΓ
δW

µ
A
−

γ̃IB,J

2︸ ︷︷ ︸
generators

φJ δΓ
δφI

+ · · ·
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Ward Identities in the EW Standard Model

The master Ward Identity for the effective action (Γ):

δΓ
δαB

= 0 =
δW

µ
A

δαB
δΓ
δW

µ
A

+ δφJ

δαB
δΓ
δφI

+ fermions + glu

=
(
∂µδAB − ε

A
BCg2WC,µ

)
δΓ
δW

µ
A
−

γ̃IB,J

2︸ ︷︷ ︸
generators

φJ δΓ
δφI

+ · · ·

The Ward IDs we know and love → take variations w/r to fields and take the expectation:

δ2Γ
δWA,νδαB

→ ∂µ
(

δ2Γ
δWA,νδWB,µ

)
=

γ̃IB,J
2

〈
φJ
〉

︸ ︷︷ ︸
=vδJ4

δ2Γ
δWA,νδφI

δ2Γ
δφKδαB

→ ∂µ
(

δ2Γ
δφKδWB,µ

)
=

γ̃IB,J
2

(
vδJ4

δ2Γ
δφKδφI

+ δIK
δΓ
δφI

)
(TC, Helset, Trott, arXiv:1909.08470)
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Ward Identities in the EW Standard Model

The Ward IDs we know and love → take variations w/r to fields and take the expectation:

δ2Γ
δWA,νδαB

→ ∂µ
(

δ2Γ
δWA,νδWB,µ

)
=

γ̃IB,J
2

〈
φJ
〉

︸ ︷︷ ︸
=vδJ4

δ2Γ
δWA,νδφI

δ2Γ
δφKδαB

→ ∂µ
(

δ2Γ
δφKδWB,µ

)
=

γ̃IB,J
2

(
vδJ4

δ2Γ
δφKδφI

+ δIK
δΓ
δφI

)
Rotating to the mass eigenstates:

WA,ν = UABA
B,ν =


1/
√

2 1/
√

2 0 0

i/
√

2 −i/
√

2 0 0
0 0 cW sW
0 0 −sW cW



W+,ν

W−,ν

Zν

Aν



φJ = V JKΦK =


−i/
√

2 i/
√

2 0 0

1/
√

2 1/
√

2 0 0
0 0 −1 0
0 0 0 1




Φ+

Φ−

χ
h



(TC, Helset, Trott, arXiv:1909.08470)
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Ward Identities in the EW Standard Model

Rotating to the mass eigenstates, after some simplification:

δ2Γ
δWA,νδαB

→ ∂µ
(

δ2Γ
δAX,νδAY,µ

)
= δ2Γ

δAY,νδΦK v(V −1)KI
1
2
γ̃IW,4U

W
X

δ2Γ
δφKδαB

→ ∂µ
(

δ2Γ
δAX,µδΦO

)
= δ2Γ

δΦKδΦO
v(V −1)KI

1
2
γ̃IW,4U

W
X + (V −1)KI

1
2
γ̃IW,LU

W
X V LO

These are ugly. But, choose X, Y/O and sum over other variables:
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Rotating to the mass eigenstates, after some simplification:

δ2Γ
δWA,νδαB

→ ∂µ
(

δ2Γ
δAX,νδAY,µ

)
= δ2Γ

δAY,νδΦK v(V −1)KI
1
2
γ̃IW,4U

W
X

δ2Γ
δφKδαB

→ ∂µ
(

δ2Γ
δAX,µδΦO

)
= δ2Γ

δΦKδΦO
v(V −1)KI

1
2
γ̃IW,4U

W
X + (V −1)KI

1
2
γ̃IW,LU

W
X V LO

These are ugly. But, choose X, Y/O and sum over other variables:

∂µ
(

δ2Γ
δAµδAν

)
= 0 (transversality of photon)

∂µ
(

δ2Γ
δW+,µδW−,ν

)
= −imW δ2Γ

δΦ+δW−,ν

(
mW =

g2
2v

2

4

)
∂µ
(

δ2Γ
δW+µδΦ−

)
= −imW δ2Γ

δΦ+δΦ− + ig2
2
δΓ
δh

(TC, Helset, Trott, arXiv:1909.08470)
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Ward IDs in the SMEFT, motivating geoSMEFT
The SMEFT Lagrangian is then:

L = hIJ (Dµφ)I(Dµφ)J − gABWA
µνW

B,µν − 1
4
GCµνG

C,µν

+iΨ̄ /DΨ + iψ̄ /Dψ + Yψ
(∼)

H Ψ̄ψ

+
∑
i,n

1
Λn
Qi + LGF + Lghost︸ ︷︷ ︸

BFM gauge invar.

hIJ (Dµφ)I(Dµφ)J = (Dµφ)I(Dµφ)I + cH�(H†H)�(H†H) + · · ·

gABW
A
µνW

B,µν = − 1
4
WA
µνW

A,µν + cHB(H†H)BµνBµν + · · ·
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Ward IDs in the SMEFT, motivating geoSMEFT
The SMEFT Lagrangian is then:

L = hIJ (Dµφ)I(Dµφ)J − gABWA
µνW

B,µν − 1
4
GCµνG

C,µν

+iΨ̄ /DΨ + iψ̄ /Dψ + Yψ
(∼)

H Ψ̄ψ

+
∑
i,n

1
Λn
Qi + LGF + Lghost︸ ︷︷ ︸

BFM gauge invar.

hIJ (Dµφ)I(Dµφ)J = (Dµφ)I(Dµφ)I + cH�(H†H)�(H†H) + · · ·

gABW
A
µνW

B,µν = − 1
4
WA
µνW

A,µν + cHB(H†H)BµνBµν + · · ·

Ex: hIJ generates 2+ point functions:

hh

v

hh

h

〈hIJ 〉 〈hIJ 〉
〈
δhIJ
δh

〉
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Ward IDs in the SMEFT, motivating geoSMEFT
The SMEFT Lagrangian is then:

L = hIJ (Dµφ)I(Dµφ)J − gABWA
µνW

B,µν − 1
4
GCµνG

C,µν

+iΨ̄ /DΨ + iψ̄ /Dψ + Yψ
(∼)

H Ψ̄ψ

+
∑
i,n

1
Λn
Qi + LGF + Lghost︸ ︷︷ ︸

BFM gauge invar.

hIJ (Dµφ)I(Dµφ)J = (Dµφ)I(Dµφ)I + cH�(H†H)�(H†H) + · · ·

gABW
A
µνW

B,µν = − 1
4
WA
µνW

A,µν + cHB(H†H)BµνBµν + · · ·

But the SMEFT has the same gauge symmetries of the SM, so:

∂µ
(

δ2Γ
δAµδAν

)
= 0 (transversality of photon)

∂µ
(

δ2Γ
δW+,µδW−,ν

)
= −im̄W δ2Γ

δΦ+δW−,ν
(
m̄W = ḡ2v

2
〈h11〉

)
∂µ
(

δ2Γ
δW+µδΦ−

)
= −im̄W δ2Γ

δΦ+δΦ− + iḡ2
2

(something?)︸ ︷︷ ︸
=
√
h44

√
h

11

δΓ
δh

(
ḡ2 = g2

√
g11
)

(TC, Helset, Trott, arXiv:1909.08470)
(Confirmed at 1-loop to D6, TC, Trott, arXiv:2010.02819)
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The geoSMEFT, a first glance

So these hIJ and gAB are of major importance in the SMEFT.

Let’s define them more formally,

LSMEFT = hIJ (Dµφ)I(Dµφ)J + gABW
A
µνW

B,µν + · · ·

hIJ ≡ gµν

d
δ2LSMEFT

δ(Dµφ)Iδ(DνφJ )

∣∣∣
{W,ψ,(Dαφ)K}→0

(
i.e. h = h(φ)

)
gAB ≡ −2gµνgσρ

d2
δ2LSMEFT
δWA

µσδW
B
νρ

∣∣∣∣
{W,ψ,(Dαφ)K}→0

(
i.e. g = g(φ)

)

These are 4× 4 matrices, defined to all orders in 1/Λ
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Let’s define them more formally,

LSMEFT = hIJ (Dµφ)I(Dµφ)J + gABW
A
µνW

B,µν + · · ·

hIJ ≡ gµν

d
δ2LSMEFT

δ(Dµφ)Iδ(DνφJ )

∣∣∣
{W,ψ,(Dαφ)K}→0

(
i.e. h = h(φ)

)
gAB ≡ −2gµνgσρ

d2
δ2LSMEFT
δWA

µσδW
B
νρ

∣∣∣∣
{W,ψ,(Dαφ)K}→0

(
i.e. g = g(φ)

)

These are 4× 4 matrices, defined to all orders in 1/Λ

We can define their inverses, expectation values, and square roots:

gAB g
BC = δCA hIJ h

JK = δKI︸ ︷︷ ︸
like metrics in GR→curved field space

〈g〉AB 〈h〉IJ
√
gAB =

√
〈g〉AB

√
hIJ =

√
〈h〉IJ

These “field-space connections” are tied to the geometry of the curved field-space.
⇒ the geometric SMEFT (geoSMEFT)
⇒ not necessarily new ideas (Alonso, Jenkins, Manohar, 1605.03602)
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Some all-orders results in the SMEFT

These geometric quantities hIJ and gAB → derive all-orders in 1/Λ results:

1 Canonically normalized couplings to fermions:

Dµψ=
[
∂µ + iḡ3GAµ + i ḡ2√

2

(
W+
µ T

+ +W−T−
)

+ iḡZ
(
T3 − s̄2ZQψ

)
Zµ + iQψ ēAµ

]
ψ

ḡ2 = g2
√
g11

ḡZ = g2
c̄2
Z

(
c̄
√
g33 − s̄√g34

)
ē = g2

(
s̄
√
g33 + c̄

√
g34
)
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1 Canonically normalized couplings to fermions:

Dµψ=
[
∂µ + iḡ3GAµ + i ḡ2√

2

(
W+
µ T

+ +W−T−
)

+ iḡZ
(
T3 − s̄2ZQψ

)
Zµ + iQψ ēAµ

]
ψ

ḡ2 = g2
√
g11

ḡZ = g2
c̄2
Z

(
c̄
√
g33 − s̄√g34

)
ē = g2

(
s̄
√
g33 + c̄

√
g34
)

2 The geometric masses:

m̄W =
ḡ2

2

√
h11v m̄Z =

ḡZ

2

√
h33 m̄A = 0
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ḡ2 = g2
√
g11
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c̄2
Z

(
c̄
√
g33 − s̄√g34

)
ē = g2

(
s̄
√
g33 + c̄

√
g34
)

2 The geometric masses:

m̄W =
ḡ2

2

√
h11v m̄Z =

ḡZ

2

√
h33 m̄A = 0

3 The geometric mixing angles (necessary for above):

s̄2 =
(g1
√
g44−g2

√
g34)2

g2
1

[
(
√
g34)2

+(
√
g44)2

]
+g2

2

[
(
√
g33)2

+(
√
g34)2

]
−2g1g2

√
g34(
√
g33+

√
g44)

s̄2Z =
g1(
√
g44s̄−√g34c̄)

g2(
√
g33c̄−√g34s̄)+g1(

√
g44s̄−√g34c̄)
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The geoSMEFT

Let’s go “full metric,” or, how far can we take this defining objects like hIJ and gAB?

(Dµφ)I WA
µν ΨL ψR Dµ
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The geoSMEFT

Let’s go “full metric,” or, how far can we take this defining objects like hIJ and gAB?

(Dµφ)I WA
µν ΨL ψR Dµ

We’ll take variations of LSMEFT w/r to the fields above and see where we get:
(metrics/field-space connections must be Lorentz & SU(3) invariant, φ is a colorless scalar)

hIJ = gµν

d
δ2LSMEFT

δ(Dµφ)Iδ(Dνφ)J

∣∣∣
fields→0

(
scalar 2pts, mW,Z

)
gAB = −2gµνgσρ

d2
δ2LSMEFT
δWA

µσδW
B
νρ

∣∣∣∣
fields→0

(gauge 2pts, mixing)

Y = δ2L
δΨLδψr

∣∣∣
fields→0

(
Yukawas→ m̄ψ

)
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The geoSMEFT

Let’s go “full metric,” or, how far can we take this defining objects like hIJ and gAB?

(Dµφ)I WA
µν ΨL ψR Dµ

We’ll take variations of LSMEFT w/r to the fields above and see where we get:
(metrics/field-space connections must be Lorentz & SU(3) invariant, φ is a colorless scalar)

hIJ = gµν

d
δ2LSMEFT

δ(Dµφ)Iδ(Dνφ)J

∣∣∣
fields→0

(
scalar 2pts, mW,Z

)
gAB = −2gµνgσρ

d2
δ2LSMEFT
δWA

µσδW
B
νρ

∣∣∣∣
fields→0

(gauge 2pts, mixing)

Y = δ2L
δΨLδψr

∣∣∣
fields→0

(
Yukawas→ m̄ψ

)
1 EOM → remove Dµ’s → full set of SMEFT operators affecting 2pt functions!

analogue to kinematics: p1 = −p2 → p2
1 = m2

2 Y is the most intuitive metric:

〈Y〉 ∼ m̄ψ︸ ︷︷ ︸
all−orders 1

Λ
mass

〈
δY
δh

〉
∼ hΨ̄LψR︸ ︷︷ ︸

all−orders coupling
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The geoSMEFT

Let’s go “full metric,” or, how far can we take this defining objects like hIJ and gAB?

hIJ gAB Y ⇒ all EW 2pt functions
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The geoSMEFT

Let’s go “full metric,” or, how far can we take this defining objects like hIJ and gAB?

hIJ gAB Y ⇒ all EW 2pt functions

We’ll take variations of LSMEFT w/r to the fields above and see where we get:

κAIJ = gµρgνσ

2d2
δ3LSMEFT

δ(Dµφ)Iδ(Dνφ)JδWA
ρσ

∣∣∣∣
fields→0

fABC = gνρgσαgβµ

3!d3
δ3LSMEFT

δWA
µνδW

B
ρσδW

C
αβ

∣∣∣∣
fields→0

LJ,A = δ2LSMEFT
δ(Dµφ)Jδ(ψ̄γµσAψ)

∣∣∣
fields→0

dA = δ2LSMEFT
δ(Ψ̄LσµνψR)δWA

µν

∣∣∣∣
fields→0

1 EOM → remove Dµ’s → full set of SMEFT operators affecting 3pt functions!

analogue to kinematics: pi = −pj − pk → pi · pj = 1
2

(
m2
k −m

2
i −m2

j

)
2 These plus four-fermion operators fully span the Warsaw basis of D6 operators.
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The geoSMEFT

Let’s go “full metric,” or, how far can we take this defining objects like hIJ and gAB?

hIJ gAB Y ⇒ all EW 2pt functions

κAIJ fABC LJ,A dA ⇒ all EW 3pt functions

Unfortunately, we can’t do the same for 4pt functions,
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The geoSMEFT

Let’s go “full metric,” or, how far can we take this defining objects like hIJ and gAB?

hIJ gAB Y ⇒ all EW 2pt functions

κAIJ fABC LJ,A dA ⇒ all EW 3pt functions

Unfortunately, we can’t do the same for 4pt functions,
(kinematic ex. is illustrative, but

real check Hilbert series: Lehman & Martin 1503.07537+ & Henning et al. 1512.03433+)

pi = −pj − pk − pl → s+ t+ u =
∑
i

mi

Summary:

1 All two- and three-point functions to all orders in 1
Λ

can be defined in the geoSMEFT

2 This includes a partial set of 4+ point functions
e.g. (v2 + 2vh+ h2)F 2 & (v2 + 2vh+ h2)F 3

3 Essentially resumming the v expansion
as well as identifying all kinematic forms of 2- and 3-pt functions
⇒ a return to effective vertices *including* correlations required by gauge invar.
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Parameter counting on the Z-pole
operator form shifts:

hIJ (Dφ)I(Dφ)J SM 3–point functions + Masses

gABW
A
µνW

B,µν SM triple gauge couplings + h(∂V )2 + mixing angles

LψJ (Dµφ)J (ψ̄Γµψ) SM gauge-fermion couplings

ψ = {Q,L, uR, dR, eR}

gZ,ψeff =
ḡZ

2

[
(2 s2θZ Qψ − σ3) + v̄T 〈Lψ3,4〉 + σ3v̄T 〈Lψ3,3〉

]
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Parameter counting on the Z-pole
operator form shifts:

hIJ (Dφ)I(Dφ)J SM 3–point functions + Masses

gABW
A
µνW

B,µν SM triple gauge couplings + h(∂V )2 + mixing angles

LψJ (Dµφ)J (ψ̄Γµψ) SM gauge-fermion couplings

ψ = {Q,L, uR, dR, eR}

gZ,ψeff =
ḡZ

2

[
(2 s2θZ Qψ − σ3) + v̄T 〈Lψ3,4〉 + σ3v̄T 〈Lψ3,3〉

]

m̄2
Z =

ḡZ
2

4
〈h33〉 v̄2

T s2θZ = f( 〈gAB〉 , g1, g2)

ΓZ→ψ̄ψ =
Nψ
c

24π
m̄Z |gZ,ψeff |

2

1−
4m̄2

ψ

m̄2
Z


3/2

(TC, Helset, Martin, Trott, arXiv:2102.02819)
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Parameter counting on the Z-pole

gZ,ψeff =
ḡZ

2

[
(2 s2θZ Qψ − σ3) + v̄T 〈Lψ3,4〉 + σ3v̄T 〈Lψ3,3〉

]

m̄2
Z =

ḡZ
2

4
〈h33〉 v̄2

T s2θZ = f( 〈gAB〉 , g1, g2)

Number of parameters at each order (for LH fermion):

geoSMEFT D6 D(6+n)

ḡZ 1 3 4

{cHW , cHB , cHWB} {c(6+n)
HW , c

(6+n)
HW,2 , c

(6+n)
HB , c

(6+n)
HWB}

sθZ 1 3 4

{cHW , cHB , cHWB} {c(6+n)
HW , c

(6+n)
HW,2 , c

(6+n)
HB , c

(6+n)
HWB}

〈h33〉 1 1 2

{cHD} {c(6+n)
HD , c

(6+n)
HD,2 }

〈Lψ3,4〉 1 1 2

{c(3)
Hl} {c(6+n,2)

Hl , c
(6+n,3)
Hl }

〈Lψ3,3〉 1 1 1

{c(1)
Hl} {c(6+n,1)

Hl }
sum: 3+2 4+2 4+5
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Pheno in the geoSMEFT

The following calculations have been completed using the geoSMEFT:
1 Z-pole, TC, Helset, Martin, Trott, arXiv:2102.02819

tree level to 1/Λ4

2 ggh + hγγ, TC, Martin, Trott, arXiv:2107:07470

tree level to 1/Λ4, one-loop to 1/Λ2

3 Various simple examples: hZγ, hZZ∗, Hay, Helset, Martin, Trott, arXiv:2007.00565

translation to {α̂, ĜF , m̂Z} & {m̂W , ĜF , m̂Z} input parameter schemes

all orders, and 1/Λ4

4 h→ γψ̄ψ, TC, Rasmussen arXiv:2110.03694

tree level 1/Λ4 + SM-loop interference w 1/Λ4

5 The one-loop all orders tadpole, TC arXiv:2106.10284

Forthcoming (2023):

1 EWPD + TGVs fit to 1/Λ4, TC, Gonzalez-Garcia, Éboli, Reimitz, Martines

2 pp→ hψ̄ψ to 1/Λ4, TC, Martin

3 The 2pt Ward Identities at one-loop in the geoSMEFT, TC

Tyler Corbett (Universität Wien) The geometry of the SMEFT 24 February, 2023 10 / 12



The future

geoSMEFT goals for the future:

1 Formulate field-space connections corresponding to all operators in D8 bases

⇒ can calculate to 1/Λ4 and sum the v expansion

(Murphy, arXiv:2005.00059, Li et al, arXiv:2005.00008)

2 Expand into full one-loop calculations in the geoSMEFT

⇒ all 2pt functions,
⇒ important one-loop processes like Zψ̄ψ, hγγ, ggh, hψ̄ψ, top physics, etc

3 Matching to the geoSMEFT (can it be done?)

4 RGEs → nonlinear σ by Howe, Papadopoulos, Stelle, 1988

(Background field method was critical here)

5 geoSMEFT as a QFT:

M∼ 〈T{φ1 · · ·φn}〉 ∼ δn

δφ1···δφn

∫
Dφ exp (iSSMEFT)

⇔ Metrics ∼ δn

δφ1···δφn
LSMEFT
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Conclusions

1 fits to D8 → resolving “inverse problem”

2 the SMEFT is the SM on a curved field space → geometry

3 the geoSMEFT takes this into account:

certain quantities can be defined to all orders in 1/Λ, mV , mψ , mixing, · · ·

all two- and three-point kinematic structures can be defined to all orders

→ effective vertices (that respect symmetries of SMEFT)
→ think resonance physics, e.g. EWPD, can be defined to all orders

→ ¿ if kinematic forms saturated, can safely include partial higher orders?

4 How does the geoSMEFT (or simpler EFTs) look radiatively?

Helset, Jenkins, Manohar, arXiv:2212.03253
Helset, Jenkins, Manohar, arXiv:2210.08000
Cheung, Helset, Parra-Martinez, arXiv:2202.06972

Howe, Papadopoulos, Stelle, 1988
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Number of parameters in the (geo)SMEFT

At D6 we have 59 op forms → 2499 free parameters
At D8 we have 895 op forms → way more...

Mass Dimension
Operator form: 6 8 10

hIJ (Dµφ)I(Dµφ)J 2 2 2

gABW
A
µνW

B,µν 3 4 4

kIJA(Dµφ)I(Dνφ)JWA
µν 0 3 4

fABCW
A
µνW

B,νρWC,µ
ρ 1 2 2

Y ψprΨ̄LψR + h.c. 2N2
f 2N2

f 2N2
f

dψ,prA Ψ̄LσµνψRW
µν
A + h.c. 4N2

f 6N2
f 6N2

f

L
ψR
pr,J,A(Dµφ)J (ψ̄p,RγµσAψr,R) N2

f N2
f N2

f

L
ΨL
pr,J,A(Dµφ)J (Ψ̄p,LγµσAΨr,L) 2N2

f 4N2
f 4N2

f

D6 D8 D10 D12

10

102

103

104

105

106

107

3,045

44,807

2,092,441

75,577,476

Ex
po

ne
nt
ia
l→

O
(1

0
s)

This counting is still in Wilson coefficients...
Can fits be done in terms of geometric quantities instead?

Tyler Corbett (Universität Wien) The geometry of the SMEFT 24 February, 2023 13 / 12


