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The Trinity of GW astronomy
• Compact Binary Coalescence (CBC, i.e. BBHs, BNS,BHNS) 
• Analytical Relativity, Numerical Relativity and Data Analysis (AR/NR/DA) 
• Waveform TEMPLATES (Theory) 
• 2-body problem in General Relativity

Analytical relativity (AR) 
Perturbation theory: PM, PN, EOB

Numerical Relativity (NR) 
(supercomputers)

GW data analysis (DA)
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Challenges: 
• physical completeness 
    (spin, tides, eccentricity, hyp) 
• accuracy  
• efficiency (AR vs NR) 
• 107 templates needed for a 

single event

The physics you can infer depends on your ability at modeling it!



Why waveform templates?
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FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GW events.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals of the
distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source frame chirp mass.
The colors correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89. Top left panel:
The mass ratio q = m2/m1. Top right panel: The e↵ective aligned spin magnitude �e↵ . Bottom left panel: Contours of 90% credible regions for
the e↵ective aligned spin and mass ratio of the binary components for low (high) mass binaries are shown in the upper (lower) panel. Bottom
right panel: The e↵ective precession spin posterior (colored) and its e↵ective prior distribution (white) for BBH (BNS) events. The priors
have been conditioned on the �e↵ posterior distributions.

above the proposed BH mass gap region [138–141] of 2�5M�.
The component masses of the BBHs show a strong degener-
acy with each other. Lower mass systems are dominated by
the inspiral of the binary, and the component mass contours
trace out a line of constant chirp mass Eq. (5) which is the
best measured parameter in the inspiral [34, 121, 127]. Since
higher-mass systems merge at a lower GW frequency, their
GW signal is dominated by the merger of the binary. For high
mass binaries the total mass can be measured with accuracy
comparable to that of the chirp mass [142–145].

We show posteriors for the ratio of the component
masses Eq. (6) in the top left panel of Fig. 5. This parameter

is much harder to constrain than the chirp mass. The width
of the posteriors depends mostly on SNR and so the mass
ratio is best measured for the loudest events, GW170817,
GW150914 and GW170814. Even though GW170817 has
the highest SNR of all events, its mass ratio is less well con-
strained, because the signal power comes predominantly from
the inspiral, while the merger contributes little compared to
BBH [146]. GW151226 and GW151012 have posterior sup-
port for more unequal mass ratios than the other events, with
lower bounds of 0.28 and 0.30 at 90% credible level.

The final mass, radiated energy, final spin, and peak lu-
minosity of the BH remnant from a BBH coalescence are
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Analytical formalism: 
theoretical understanding 
of the coalescence process

O2 events: GWTC-1 Matched filtering: detection and parameter estimation



2-body problem in GR
Hamiltonian: conservative part of the dynamics 

Radiation reaction: mechanical energy/angular momentum goes away in GWs and  
                              backreacts on the system.  

                               The (closed) orbit CIRCULARIZES and SHRiNks with time 

Waveform

Perturbation Theory 
Post-Newtonian (PN), 
Post-Minkowskian(PM)

Strong-field information 

      EOBNR models

Numerical Relativity: 
(SUPERCOMPUTERS)

Resummed  
PN theory: 

EOB (LAPTOP)

Complementary route: IMRPhenom models 
PN_glue_NR, EOB_glue_NR hybrids (glued waveforms)  
to build phenomenological templates  
[Considered “standard” within LVC. No flexibility. No dynamics. Limited purposes] 

NR surrogate



Analytical Effective-One-Body approach
Provides a complete description of dynamics and radiation from relativistic binaries 

(Recent development and connection with scattering amplitudes)
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For example (TEOBResumS vs NR: SXS:1221)
Analytical resummed waveform 
     (+ a6c-NR-informed)

AMPLITUDE DIFFERENCE

q=m1/m2=3 MERGER



Effective potentials
Newtonian gravity (any mass ratio):  
circular orbits are always stable. No plunge.

Test-body on Schwarzschild black hole:  
last stable orbit (LSO) at r=6M; plunge

EOB, Black-hole binary, any mass ratio:  
last stable orbit (LSO) at r<6M plunge
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-deformation of the Schwarzschild case!⌫



Hamilton’s equations & radiation reaction

‣The system must radiate angular momentum 
‣How?Use PN-based (Taylor-expanded) radiation  
   reaction force (ang-mom flux) 
‣Need flux resummation 

 Plus horizon contribution [AN&Akcay2012]
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     Last-Stable-Orbit (LSO): r < 6M
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Resummation multipole by multipole 
(Damour&Nagar 2007, 
 Damour, Iyer & Nagar 2008, 
 Damour & Nagar, 2009)
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Analytic predictions

Characterize parameter space via de 
number of periastron passages 

Count the peaks of orbital frequency



Parameter space

Parameter space characterized by energy and 
angular momentum









Model validation: EOB/NR

Consistency with (limited) NR simulations 
More comparisons/model improvement is in progress



Conclusions
The hypothesis of GW190521 as the result of a dynamical 
capture seems favored with respect to the mainstream hypothesis of 
a quasi-circular binary with precessing spins 

More work on the modeling side is needed, though very challenging. 

The interesting part of parameter space is narrow and very sensitive 
to initial conditions. Corners are difficult to cover (especially  
less-circular captures) 

NR-informed merger-ringdown part is necessary.  

Analyses including spins are (hopefully!) in progress


