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Einstein Great Question

What really interest me

most is whether God
had any freedom

in the creation of the
World
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Good agreement with LCDM
and Cosmological Data



Lovelock Theorem

2"4-order EoM

Symmetric 2-tensors:
Gy Suv

Bianchi identities
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Horndeski scalar-tensor theories
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Higher derivative theories

Smoothing singularities
Renormalizable theories of Gravity
Classical Instabilities Ostrogradsky
Quantum Ghosts: Unitarity loss



Ostrogradski instabilities
[1850]
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Ostrogradski instabilities

Theories with high time derivatives are unstable

Classical Mechanics:
A Lagrangian with higher derivatives:

L(x, 5, %)

canonical variables

d
p— p— -L —_ L

g =x  pr=0:L



Ostrogradski instabilities

If L is reqular there exist a function A(gy, 42, p2) such
that

axL = D2

X=41,4=4)
x=A(q1,92:2)

H = p1gr + p2 M1, g2, p2) — L(q1, 92, Aq1, 92, p2))
H is unbounded below in p;.

Similar arguments apply for higher time derivative
Lagrangians.

Theories with high time derivatives are unstable



Do quantum theories solve this problem?

Smoothing UV Singularities.

Super-renormalizable theories of gravity

SSR(g):%/\/gR—I—)\ /4

N
T Z /\/g (O(n Ruvocﬁ DnR‘uvogB — /Bn RMV (1" R*Y + Yu R DnR)
n=1

only one loop divergences
[M. A., JL. Lopez and I. Shapiro ]
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QFT Principles

Poincaré invariance
Microcausality

Unitarity

Renormalizability

Stability of quantum vacuum

Implications:

Analytic continuation to Euclidean time
Absence of unphysical ghosts
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Real Ghosts
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alternating signs

VARV

Negative signs corresponds to ghosts




Real Ghosts
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Real Ghosts

Analytic continuation to Euclidean time

no reflection positivity
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Complex Ghosts
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Complex Ghosts

Violation of Poincaré invariance
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Transcendent Theories
Ghosts Free

S.(g) :%/\/§R+)\ VZ4
_|_/\/§ (O(RHVO(IB e—&‘D”R‘UVO(,B _/BR‘UV e—EDnR‘UV € ,}/Re—EDnR\

* n =1 has UV divergences in Minkowski
space-time

5 =2 leads to finite results both in Euclidean and
Minkowski space-times. But ...



Transcendent Theories
Ghosts Free
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QFT Principles

Poincaré invariance
Microcausality
Unitarity
Renormalizability

Implications

Existence of analytic continuation to Euclidean
space-time

Osterwalder-Schrader Reflection positivity

Existence of a Kallén-Lehmann representation of
the 2-point function
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Reflection positivity in quantum mechanics

Quantum mechanics as a 0+1 dimensional QFT

1

Solx) = 5/(56‘2—7’}’22)62) At

Quantum states in covariant formalism

1) = x/0) = m:/m FOxM|0);  feSM)

Heisenberg picture : x(2) = Mxe !

e | 2
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Reflection positivity in quantum mechanics

Euclidean time t picture:

x(7) = e Txe 1T

Quantum states in Euclidean covariant formalism

D=s0) = 1N= [ FEx0); feS®R

fonos:

2

I 12= / 2 / 17 £ (0 (D) |0)f ()



O (x1, %2, ..

Reflection Positivity

H(x, 7) = U(x, —T)
Uf (x) = f(Ux) fc S(Ri)
R4 = {(x, 7eR*, t > 0}

. 7xn) — fn*(ﬁxla 19.96'2, SRR 19.96'”)

D S (V£ £y) > 0

1,7=0

f, c SR
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Recovering the Hilbert space

One particle states

Hi = {fE S(Ri)}ﬁ
with the Hermitian product

(f.2)o = Wf,g9) = / dx / dy Of " (x) (0| p(x) ()] 0) g (y)
0 0

Null states

Ny ={feHi;| f |I5=0}
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Recovering the Hilbert space

One particle states

Multiparticle Hilbert space
F = {f: (ﬁ)vﬁv"' 7](7;707"'); H f”%?S OO}

Null states

Nr ={fe 7| f|= 0}
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Recovering the Hilbert space
~F
H = ./\T]:

Euclidean time evolution is just time translation

Tx(D)T; = x(t+ 1) = 77T x o7 HE)

T;f) = / f(Dx(t+ 2)]0) = / f(t— 1)x(7)]0)
0 t

Ef:(zf(;77_;ﬁ7 77_;{][7;707”')
IT=T,
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Scalar field theories
Sp = /ﬁ“ (O-m)¢

Schwinger 2-p functions
D=0+1 Massive case m # 0

—m|x—y

2m

€
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D=0+1 Massless case m =0

Sa(x, ) = (T ()d(»)) = |x — y]

Not reflection positive: no normalizable ground state

D=1+1 Massless case m =0

$.9) = {61(900)) = —o- loglxe —

Not reflection positive: no normalizable vacuum
Coleman theorem: No continuous symmetry breaking
in 2D
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Reflection positivity

Scalar field theories with higher time derivatives
S = [ o (@ -o)o
st = [ ol T

Splg) = /¢T 0 ([I B mz) &

Schwinger 2-p functions

$2(x,9) = (¢T(x)o(»))
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Theorem for Exponential Kernels

dp R

A(T) — 5219(3% T X, T) — (271.)410% T p2 + 2

Theorem:
* i) For s <1 (packing n-sphere problem)

A7) = Spplx,x) = 0

° ii) For s > 1 there exist > 0 such that

A1) = Sp(x,x) < 0



Reflection positivity

S0(x,9) = (Vpx)p()) = (81 (Ux)p())
Reflection positivity implies that

SZﬂ(xa X) Z 0

1 1 1 1
K: — _
O+ m) @A+ M) M2—m? ( Q+m) O +M2>

[M. Christodoulou- L. Modesto, 2018]



Kallén-Lehmann

GuUNNAR KALLEN



Kallén-Lehmann

Theorem: §,(x, y) is reflection positive iff the Fourier
transform S,(%) has a Kallén-Lehmann representation

1Y) .
S, (k) = /o a’[ukz Ty with o(u) > 0

S,(k) is strongly positive:

%%Sz(k) >0
_p2yn—1 4\
:l'(?/l z 2)' <6l%2> kanQ(k) >0 n>1

[Widder,1934]



Kallén-Lehmann

None of the transcendent kernels

e—sD”
K(x.)) = ()

e—sD”
K(x,y) = = (x,9)

K(x,9) = e 5 (x,y)

has a Kallén-Lehmann representation, because their
Fourier transforms S,(%) are not strongly positive

[M. A., L. Rachwat and |. Shapiro, 2018]
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Super-renormalizable QG

S@) = dxf\g+x / VR + ox / /2 Ry /A RA
+ Bx[\/g Ry £ A Ry wc/\/gRe(D/Az)jR .

2-point function

2 [dr A
7z p) = 3 (27T)4P2 . /8/2 epzf/A25P4 ) Yepzf/A25P4
1 [ d* (1 + pip7)

3) @m*p2 + (B/2 + 6a) 2"/ pt + 8 y ™/ A7 pt

does not admit a Kallén-Lehmann representation
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CONCLUSIONS

High time derivative theories are classically
unstable

Analytic continuation from Euclidean to
Lorentzian space-time is problematic

Ghost free theories are not necessarily unitary

Higher polynomial and transcendent Euclidean
theories are not reflection positive

Kallén-Lehmann representation is not possible
for higher polynomial and transcendent theories

Horava-Lifshitz and f(R) theories are not affected
by these problems



	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles

	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles
	lugray QFT Principles

	lugray Reflection Positivity
	lugray CONCLUSIONS
	lugray CONCLUSIONS
	lugray CONCLUSIONS
	lugray CONCLUSIONS
	lugray CONCLUSIONS
	lugray CONCLUSIONS
	lugray CONCLUSIONS


