
Localised States in Bounded Chiral Liquid Crystals

L. Martina

Dip. Matematica e Fisica "Ennio De Giorgi" - Università del Salento,
Sezione INFN, Lecce, Italy

INFORMATION GEOMETRY, QUANTUM MECHANICS AND
APPLICATIONS

25-30 June 2018 POLICETA-SAN RUFO (SA)

1 / 41



Works

L. Martina, M.V. Pavlov and S. Zykov: "Waves in the Skyrme Faddeev model and

Integrable reductions", J. Phys. A: Math. Theor. 46 (2013) 275201

L. Martina , M.V. Pavlov:"Magnetic domains and waves in the Skyrme Faddeev model",

2014 J. Phys.: Conf. Ser. 482 (2014) 012031

G. De Matteis , L. Martina , V. Turco :"Skyrmion States In Chiral Liquid Crystals", to

appear in Theoretical and Mathematical Physics, arXiv:1711.07922

G. De Matteis, D. Delle Side, L. Martina, V. Turco: "Light Scattering by Cholesteric

Skyrmions", arXiv:1802.07614, submitted to PRE

G. De Matteis, L. Martina, V. Turco: " Helicoids in Chiral Liquid Crystals ", in preparation

2 / 41



Outline

1 Motivations

2 The Chiral Liquid Crystal

3 Spherulites

4 Scattering of Light on a CLC cylindrical structure

5 Helicoids

6 Conclusions

3 / 41



Motivations

Motivations

1 Localised objects in quantum/classical nonlinear theories

2 Topological charges

3 Skyrme-Faddeev model

Spin-Charge Separation of the pure Yang-Mills theory

4 Fundamental theories/ Condensed Matter Physics

3He − A superfluid

2-band superconductor (Nb-doped SrTiO3, MgB2 )

5 Planar Skyrmions in Magnetic Systems

Spin-Orbit Dzyaloshinskii-Moriya interaction

6 Application in information (quantum) technologies as storage/computation tools

7 Skyrmion/Spherulites in Liquid Crystals

Spontaneous chirality of the cholesteric phase

8 Defects in frustrated Chiral Liquid Crystals

Homeotropic anchoring boundary conditions

9 Integrability properties of the models
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Motivations

Stability of the order parameter configurations
Topological ordering in disordered background
Coexistence/Competition of short/long (UV/IR) wave modes
Knotted and/or linked quasi-1-dimensional configurations
Properties of knots and tangles

6 / 41



The Chiral Liquid Crystal

7 / 41



The Chiral Liquid Crystal

The Chiral Liquid Crystal Model

8 C. Blanc et al.

Figure 8. (a) Sketch of a thermotropic chiral nematic phase in a π -twisted configuration. (b) Numerical Landau–de Gennes calculations
of the winding of the defect loop (Figure 3(b)) around a colloidal particle with homeotropic anchoring in planar, π -, 2π -, and 3π -twisted
cholesteric LC cell (the size of the particle is almost the thickness of the cell). (c,d) Entangled colloidal clusters observed in a right-handed
π -twisted cholesteric LC cell. The succession of pictures show the particles observed between crossed polarizers, the drawings of the
defect loops and topologically equivalent structures. Pictures (b)–(d) are extracted from [82]. Copyright 2011 by the American Physical
Society.

an aligned nematic phase, these non-spherical microparti-
cles display self-assembly properties substantially different
from the ones of microspheres of similar volume. One can
distinguish important changes in the interparticular inter-
actions but also the appearance of new topological and
geometrical effects.

The nature of interparticular interactions is very sen-
sitive to the shape of the particles as it can be shown
by symmetry arguments.[100] For example, the group of
Smalyukh designed particles by photolithography in the
shape of equilateral polygonal plates.[97] In a nematic cell,
these plates exhibited dipolar textures and interactions when
the number of their edges was odd and quadrupolar ones
when this number was even (Figure 10). The amplitude
of the interactions also evolves rapidly with the shape.
For example, Loudet and coauthors [96] have shown that
the behavior of prolate ellipsoids dispersed in a nematic
phase strongly depends on their aspect ratios k . Whereas
polystyrene spheres with planar anchoring rapidly aggre-
gate due to quadrupole–quadrupole interactions, stretched
ones of same volume but with high k-values remain isolated,
showing that pair interactions based on nematic elasticity
can be significantly reduced when the shape is modified.

The topology of the particles has also drastic conse-
quences on the accompanying defects. This aspect was
implicitly present in Section 2.1 when we introduced the
origin of the presence of topological defects for a sphere.
In an aligned nematic field, the total topological charge of
defects present in the vicinity of a particle must cancel the
degree on the colloidal surface, that is, it is the same (up
to sign) than half the Euler characteristic χ of the surface
of the particle [101] (e.g. χ = 2 for a sphere, χ = 0 for
a torus). These effects have been experimentally checked
only recently with handlebody silica particles of different
Euler characteristics [101,102] (Figure 10) but up to now,
the consequences on self-assembly has not been investi-
gated. Note also that an important result of this work was to
clarify the assignment of proper sign to the charges of 3D
hedgehog defects.

Another consequence of the shape will be of prime
importance in our next discussions about NPs. Non-
spherical particles dispersed in a nematic LC are submitted
to a net torque until they reach an equilibrium orienta-
tion. This effect can be used to align elongated particles
in a common direction. For example, metallic wires [95]
or highly stretched ellipsoids [96] with planar anchoring
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4 C. Blanc et al.

Figure 2. Examples of topological defects of a nematic director field and corresponding director fields. (a,b) Defects of charge S = 1
and S = −1/2 are shown for a 2D nematic texture. For 3D textures, a hedgehog defect is shown in (c) and a hyperbolic defect in (d).

Figure 3. Examples of director fields imposed by solid substrates: (a) planar (parallel) anchoring on a plane. (b) Homeotropic
(perpendicular) anchoring on a spherical bead.

for vanishing anchoring strength or size, the director field is
almost undisturbed and the anchoring is no more respected.
As it was early noticed by Lubensky et al., [33] such an
evolution can be explained by a simple scaling argument.
The cost of the elastic deformations sketched in Figure 4
is of order KR for an energy anchoring gain of order WR2,
where K is a typical elastic modulus and R the typical size
of distortion (of order the size of the inclusion). For a bead
size much larger than the critical radius a = K/W , the sur-
face effects impose a strong distortion, whereas a small size
or a weak anchoring should correspond to a smaller elastic
distortion. Finally, note that if the far-field of the nematic

is not uniform, other combinations of defects and particles
with a non-null total charge can be observed. For example,
the same isolated particles embedded in a spherical nematic
field can be accompanied by no defect, by a defect of charge
−1 or by a defect of charge −1/2.[34]

Nematic textures around inclusions have been explored
more accurately in various theoretical works. The director
field continuously evolves with the size R, the anisotropy
of elastic constants Ki, the type of anchoring (planar,
homeotropic, etc.) or its strength. For micrometer-sized par-
ticles, efficient numerical methods are based on continuum
mean field approaches. Earlier numerical studies have been
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n (r) ∈ RP2 χ (r) = ∇× n τ (r) = n× χ

EFO = K1
2 (∇ · n)2 + K2

2 (n · ∇ × n− q0)2 + K3
2 (n×

∇× n)2 + (K2+K4)
2 ∇ · [(n · ∇)n− (∇ · n)n]− ε

2 (n · E)2

B = {(x , y , z) ∈ R3, | z |≤ L

2
}

Es = 1
2Ks(1 + α(n · ν)2) Rapini-Popoular anchoring

∆Φ = πp∆ε

4λ2(1−(λ/λ0)2)
de Vries optical rotation
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The Chiral Liquid Crystal

Topological Point Defects in Nematics
4 C. Blanc et al.

Figure 2. Examples of topological defects of a nematic director field and corresponding director fields. (a,b) Defects of charge S = 1
and S = −1/2 are shown for a 2D nematic texture. For 3D textures, a hedgehog defect is shown in (c) and a hyperbolic defect in (d).

Figure 3. Examples of director fields imposed by solid substrates: (a) planar (parallel) anchoring on a plane. (b) Homeotropic
(perpendicular) anchoring on a spherical bead.

for vanishing anchoring strength or size, the director field is
almost undisturbed and the anchoring is no more respected.
As it was early noticed by Lubensky et al., [33] such an
evolution can be explained by a simple scaling argument.
The cost of the elastic deformations sketched in Figure 4
is of order KR for an energy anchoring gain of order WR2,
where K is a typical elastic modulus and R the typical size
of distortion (of order the size of the inclusion). For a bead
size much larger than the critical radius a = K/W , the sur-
face effects impose a strong distortion, whereas a small size
or a weak anchoring should correspond to a smaller elastic
distortion. Finally, note that if the far-field of the nematic

is not uniform, other combinations of defects and particles
with a non-null total charge can be observed. For example,
the same isolated particles embedded in a spherical nematic
field can be accompanied by no defect, by a defect of charge
−1 or by a defect of charge −1/2.[34]

Nematic textures around inclusions have been explored
more accurately in various theoretical works. The director
field continuously evolves with the size R, the anisotropy
of elastic constants Ki, the type of anchoring (planar,
homeotropic, etc.) or its strength. For micrometer-sized par-
ticles, efficient numerical methods are based on continuum
mean field approaches. Earlier numerical studies have been
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: 2D textures with defects - winding charge: a) S = 1, b) S = −1/2. 2D textures
with defect: a) S = 1, b) S = −1/2.
3D textures with defects: c) Hedgehog, d) Hyperbolic defect
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The Chiral Liquid Crystal

Topological Line Defects in Cholesterics

π1 (SO (3) /D2) = {I , J, ı,−ı, ,−, `,−`}

Cholesteric Liquid Crystals: Defects

2. Disclinations λ, τ, and χ

According to the orientation of the line defect with
respect to the direction of the broken rotation, one
distinguishes wedge disclinations, which are parallel to
the broken rotation, twist disclinations, which are
perpendicular to it, and mixed disclinations.

A defect which makes singular the two sets of
directors, τ and χ, but leaves continuous the λ field, is
called a ‘λ disclination’. Such a situation is pictured in
Fig. 2(a) for a wedge disclination of strength k!
"(1!2), featuring a breaking of symmetry of angle
2π"k"!π for the χ and the τ vector fields (both rotate
by an angle of π when traversing a loop surrounding
the disclination). Consequently there is some place
inside the loop where the χ and the τ directors are not
defined and where the defect line is located. This

Figure 2
Wedge disclinations in a cholesteric: (a) λ−, (b) "λ+, (c)
"τ−, (d) "λ!+, and (e) "λ+ and λ− interacting (after
Kleman and Lavrentovich 2000).

disclination is noted λ−. The λ+ line, of opposite
strength k!#(1!2), is pictured Fig. 2(b).

Figure 2(c) pictures a τ−, i.e., a wedge line of strength
k!"(1!2), singular for the χ and λ fields and
continuous for the τ field. A λ− can be annihilated by
collapse with a λ+, Fig. 2(e). One can also feature χ
lines, i.e., disclination lines which preserve the con-
tinuity of the χ-field; in fact, χ lines are directly related
to dislocations and will be discussed apart.

It is possible to extend these results, which are
reminiscent of lines in nematics, to the concept of
escape in the third dimension,which is well understood
in nematics. The answer is negative for a k! 1 λ!+,
Fig. 2(d), which cannot be made continuous for the
two fields τ and χ altogether. The same result holds for
a τ!+ or a χ!+. On the other hand a λ"+, a τ"+ and a χ"+

(k! 2) can be made entirely continuous. More
generally, any line χ, λ, or τ, with strength k! 2m, m
integer, can be made nonsingular by escape in the third
dimension. This result can be fully justified in the
frame of the topological theory of defects, see below.

Figure 3(a) pictures a χ+ wedge disclination (the χ
field is continuous, and the λ and τ fields rotate by an
angle of π about the line defect). The same object can
as well be considered as a screw dislocation, since a π-
rotation along the χ axis and a p!2 translation along
the same axis add up to the same operation of
symmetry. In the final configuration each cholesteric
plane yields a 2D k! 1!2, Fig. 3(a), whose configur-
ation rotates helically along the χ line with a pitch p,
the resulting Burgers vector is b!"p!2. Figure 3(b)
extends to edge dislocations versus twist χdisclinations
the equivalence just demonstrated between screw
dislocations and wedge χ disclinations. Dislocations
and χ-disclinations are fully equivalent, whatever the
shape of the line. In the general case, one gets:

b!"kp (1)

3. Effects of the Layer Structure

3.1 Dislocations

An important property of dislocations in cholesterics
is their possible splitting into λ or τ disclinations of
opposite signs, at a distance multiple of p!4. Figure
3(c) pictures the same dislocation as in Fig. 3(b),
whose core is now split into a λ− and a τ+ at a distance
p!4 one from the other. The Burgers vector is b! p!2.

The splitting of a dislocation (equivalently: of a χ
disclination) into two disclinations λ or τ of strength
"k"! 1!2, i.e., of rotation $π, relates to the fact that
the product of two opposite π rotations along two
parallel axes is a translation (Kleman and Friedel
1970). Split edge dislocations have been observed and
studied in Grandjean-Cano wedge samples. The sin-

2

Cholesteric Liquid Crystals: Defects

Figure 3
Equivalences: (a) χ+ wedge disclination! screw dislocation, χ twist disclination! edge dislocation (after Kleman and
Lavrentovich 2000).

gularities (observed end-on) of Fig. 1(a) are edge
dislocations.

3.2 Focal Conic Domains, Polygonal Textures, and
Oily Streaks

Most frequently, cholesterics present domains anal-
ogous to the focal domains of smectics, as one might
expect from the existence of a 1D periodicity. However
the layers can suffer large thickness distortions (con-
trarily to smectics), since it is possible to let the pitch
vary in a large range at the moderate expense of some
twist energy K

!
. As a rule, the cholesteric layers are

saddle-shaped in focal conic domains. Polygonal
textures are sets of domains where the layers, observed
on the side, are practically parallel, separated by
boundariesmarked by line defects (Fig. 4).Oily streaks
are complex aggregates of edge dislocations of large,
opposite, Burgers vectors, present in samples whose
boundaries are parallel to the cholesteric layers (Fig.
5). They partition the sample in ideal domains of flat
layers.

3.3 Robinson Spherulites

Semiflexible cholesteric biopolymers (but also some
thermotropic cholesterics, Fig. 6), have other types of

layered textures, the so-called Robinson spherulites
(Pryce and Frank 1958). The layers are approximately
along concentric spheres. The molecular orientation is
singular, since it is impossible to outline a continuous
field of directors on a sphere. The total strength of
these singularities is k" 2. And indeed observations
tell us that either a k" 1 singularity goes through the
whole spherulite along a diameter, or a k" 2 line
defect extends from the surface to some point inside
(generally the center of the spherulite). The k" 2 line
is believed to relax to a nonsingular configuration, by
escape (Bouligand and Livolant 1994).

4. Double Twist and Frustration

Among the elastic coefficients which enter in the free
energy of the cholesteric phase (see Nematic Liquid
Crystals: Elastic Properties), the K

!"
term, which is

generally discarded because it amounts to a surface
term, plays a very special role. To illustrate this point,
consider a string with helical strands, the central
strand being straight and the successive strands mak-
ing with the central strand an angle ψ(R) which
increases with R, ψ(0)" 0. This string is an adequate
representation of the geometry of double-twist. The
cholesteric molecules (the director n) are aligned along
the strands. Note that the strands are equidistant, so

3

like texture is that of surface inversion walls [6!8], which correspond to a 180! turn
of the director in the plane of the substrate (Fig. 5.2). Two closely spaced dark lines
are visible, as in Plate 14.

5.1.1.3 The Marble Texture
The nematic marble texture [1] is usually observed in thin preparations of samples,
especially for substrates that have not been rubbed or treated in any way. This is
probably the most frequently observed natural nematic texture. Different areas
of the sample appear quite uniform but may slightly change in color, due to a
change in birefringence from in-plane but also out-of-plane variation of the direc-
tor. An example of the marble texture is shown in Plate 15. Areas of different di-
rector orientations are often separated by inversion walls, but also by other defect
lines. For mesogens exhibiting a Cryst!N transition, the marble texture may ap-
pear on heating crystallites into the nematic phase [1]. In this case the crystallites
melt while maintaining the direction of the long molecular axis. Thus areas with a
uniform director orientation are formed, while one preferred direction may vary
from area to area.

5.1.1.4 Uniform Planar Nematic Samples
Although of crucial importance for applications, uniform textures of liquid crystals
obviously lack the aesthetic appeal of the natural textures. Subjecting a nematic to
uniform planar boundary conditions, for example by using commercial, parallel
rubbed LC sandwich cells, a sample is obtained that behaves optically just like a
uniaxial, birefringent plate of a crystal with the optic axis in the plane of the sub-
strate. The transmitted light intensity between crossed polarizers varies according
to a I ~ sin2(2!) dependence, with ! being the azimuthal angle (rotation angle of
the sample in a plane perpendicular to the direction of light propagation). When-
ever the optic axis (the director) is oriented along one of the polarizer directions,
the sample appears black. Maximum intensity is observed when the optic axis is
oriented at 45! between polarizer and analyzer (Fig. 5.3). A uniform planar nematic
sample shows a 90! periodicity in its texture appearance. To distinguish a well or-
iented N phase from the corresponding SmA phase, which exhibits identical opti-
cal properties, one may observe the characteristic shimmer or flickering that is

535 The Nematic and Cholesteric Phases

Fig. 5.2. Possible director con-
figurations in the vicinity of sur-
face disclination lines.
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Spherulites

Spherulites

n (ρ, φ, z) = cos θ (ρ, z) k + sin θ (ρ, z)φ θ = θ(ρ, z)
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Spherulites

The equation

∂2θ

∂z2
+
∂2θ

∂ρ2
+

1
ρ

∂θ

∂ρ
− 1
ρ2

sin θ cos θ ∓ 4π
ρ

sin2 θ − π4
(

E

E0

)2

sin θ cos θ = 0


θ(0, z) = π, θ(∞, z) = 0,

∂zθ
(
ρ,±ν

2

)
= ∓2πks sin θ

(
ρ,±ν

2

)
cos θ

(
ρ,±ν

2

)

p = 2π
|q0| E0 =

π | q0 |
2

√
K

ε
ν = L/p ks = Ks/(Kq0)
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Spherulites

Looking for solutions

ρ→ 0
Belavin-Polyakov

θ = arccos
(
ρ̃2 − 4
ρ̃2 + 4

)
, ρ̃ =

ρ

ρ0
ρ0 =

4
π3

(
E0
E

)2

= 4πρ21

conformal symmetry breaking

θ(ρ, z) =

{
π − ρ

ρ0Z(z)
ρ/Z(z) < πρ0

0 ρ/Z(z) > πρ0
Z(z) = 1−

2πks cosh
(

z
ρ1

)
2πks cosh

(
ν

2ρ1

)
+ 1

ρ1
sinh

(
ν

2ρ1

)
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Spherulites

ρ→∞

∂2θ

∂ρ2
+

1
ρ

∂θ

∂ρ
− 1

2ρ21
sin 2θ = 0 cylindrical Sine-Gordon equation

θ(ρ) = −i ln
(
q(t)√

t

)
, t =

(
ρ

ρ1

)2

q′′ =
1
q
q′2 − 1

t
q′ +

q3

16t2
− 1

16q
,

the general Painlevé III

q′′ =
1
q
q′2 − 1

t
q′ +

q2(a + c q)

4t2
+

b

4t
+

d

4q
,

a,b,c ,d ∈ C

ρ→∞ θ  c2

√
ρ1
ρ

exp
[
− ρ

ρ1

]
.
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Spherulites

The connection formulae

ρ→ 0: θ (ρ|α, β) α ln
(
ρ

ρ1

)
+ i

π

2
α+ β + O

((
ρ

ρ1

)2−|=α|
)
, (|=α| < 2)

and

ρ→∞ θ (ρ) 

[
b+e

ρ
ρ1

(
ρ

ρ1

)
− 1

2 +iω + b−e
− ρ
ρ1

(
ρ

ρ1

)
− 1

2−iω

](
O

(
ρ1

ρ

)
+ 1
)

+O

((
ρ

ρ1

)
3|=ω|− 3

2

)
,

b±, ω related to the Cauchy data by the connection formulas ( Novokshenov )

b± =
∓(±)1/22±2iωe−πω

√
π

Γ(1∓ iω)
sin(2π(η ± σ))

sin(2πη)
, e−πω sin(2πσ) = sin(2πη)

σ =
1
4

+
i

8
α, η =

1
4

+
1
4π

(β + α ln 8) +
i

2π
ln

Γ
(

1
2 −

i α
4

)
Γ
(

1
2 + i α

4

) . b−b+ = −4iω, |=ω| <
1
2

ω = 0 b+ = 0 b− = −2i
√

1
π
cos(2πσ) η = −σ +

1
2

+ k, k ∈ Z

β = −
(
iπ

2
+ ln 8

)
α− 2i ln

Γ
(

1
2 −

i α
4

)
Γ
(

1
2 + i α

4

) + 4kπ α = −
4
π
arcsinh

(√
π

2
c2

)
∈ R−
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Spherulites

Analytical/ Numericals

: Comparison between the numerical solution and the analytical linear approximations for E
E0

= 1.02.

: Comparison between the numerical solution and the analytical linear approximations for E
E0

= 1.5
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Spherulites

:
(

E

E0

)
= 1.02, ks = 0.1, ν = 1.8 :

(
E

E0

)
= 1.02, ks = 6, ν = 1.8
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Spherulites

:
(

E

E0

)
= 1.5, ks = 0.1, ν = 1.8 :

(
E

E0

)
= 1.5, ks = 6, ν = 1.8
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Spherulites

:
(

E

E0

)
= 1.02, ks = 6, ν = 1.8
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Scattering of Light on a CLC cylindrical structure

∇ (∇ · E )−∇2 E = −∂ttD
D = ε⊥ E + ∆ε n (E · n) , ∆ε = ε‖ − ε⊥

1 the liquid crystal molecules are not deformed/rotated by wave

2 λ ≈ ρ0, i.e. k (ω) & 1
ρ0

3 negligible effects of the bounding surfaces

4 ∇ · E ∼= 0

5 θ = θ (ρ)

E = Eρ (ρ, φ, z) ρ + Eφ (ρ, φ, z) φ + Ez (ρ, φ, z) k

∇2 E = −k2Q E, Q = 13 +
∆ε

ε⊥
n⊗ n, k =

ω

c

√
ε⊥ k̃ = k

√
1 +

∆ε

ε⊥(
∇2 + k2) (Eρ ρ + Eφ φ + Ez k

)
=

−k2 ∆ε
ε⊥

[(
sin θ Eφ + cos θ Ez

)
cos θ k +

(
sin θ Eφ + cos θ Ez

)
sin θφ

]
.

Eρ  E∞ρ sinφ eıkρ cosφ, Eφ  E∞φ cosφ eıkρ cosφ, Ez  E∞ze
ık̃ρ cosφ φ→ ±π ρ→∞.
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Scattering of Light on a CLC cylindrical structure

The out plane conversion

Ez (r) = E∞ze
ık̃ρ cosφ +

∫
G
(
r , r ′

)
U
[
Ez
(
r ′
)
, Eφ

(
r ′
)
, θ
(
ρ′
)]

dr ′

U [Ez (r) , Eφ (r) , θ (ρ)] = −k2∆ε

ε⊥

(
1
2
sin 2θ (ρ) Eφ (r)− sin2 θ (ρ) Ez (r)

)
EBz (r) = (1− ı) E∞φ

π∆ε

8 ε⊥

eı k̃ ρ√
π k̃ ρ

[
Iφ0 + 2

+∞∑
m=1

Iφm cosmφ

]
,

d σconv
dφ

(r̂ , ẑ ; x̂ , ŷ) =
π

32

√
ε⊥
ε||

(
∆ε

ε⊥

)2 ν ρ0
k ρ0

[
Iφ0 + 2

+∞∑
m=1

Iφm cosmφ

]2
,

σconv =
π2

16

√
ε⊥
ε||

(
∆ε

ε⊥

)2 ν ρ0
kρ0

[(
Iφ0
)2

+ 2
∞∑

m=1

(
Iφm
)2]

,

Iφm (kρ0) = −
∫ πkρ0

0
sin
(
2

s

kρ0

)(
Jm(s)2

)′
s ds,
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Scattering of Light on a CLC cylindrical structure

0 10 20 30 40 50

-0.5

0.5

: The numerical values of Iφm as function of 0 ≤ m ≤ 50 for three different values
of kρ0, precisely 8 (green), 10 (blue) and 12 (cyan).
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Scattering of Light on a CLC cylindrical structure

: The numerical evaluation of the conversion cross section (21), in arbitrary units,
for the three different values of k̃ρ0 = 8, 10, 12.
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Scattering of Light on a CLC cylindrical structure

The out plane conversion
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Scattering of Light on a CLC cylindrical structure
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Scattering of Light on a CLC cylindrical structure

: Comparison of the Log-polar plots of the differential cross sections for two
different values of the external electric field. In both cases the orange curves refer
to the exact numerical spherulite profile, while the blue ones correspond to the
piecewise linear approximation of it.
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Scattering of Light on a CLC cylindrical structure

Figures 

 

 
 
FIG. 1. Baby-skyrmion localized cholesteric structures. (a) Depth-resolved FCPM image 
obtained in the midplane of the LC cell. (b)–(d) Vertical cross sections of several slightly 
different baby-skyrmion structures obtained using FCPM linear polarizations “P” normal to the 
images, as depicted in (b). (e)–(g) Schematics of molecular alignment configurations 
reconstructed for (e) strong and (f) and (g) relatively weak surface anchoring boundary 
conditions leading to the formation of (e) and (f) twist disclination loops (e) in the LC bulk and 
(f) at surfaces as well as (g) surface point defects called “boojums.” The twist-disclination loops 
are shown in red (dark gray) and the director field structures around them are depicted on 
Möbius strips. The structure was realized in a cell of d | 10 μm filled with a cholesteric mixture 
formed from the nematic host ZLI-2806 and chiral additive CB15.  
 
 
 
 

 
 
FIG. 5. A localized twisted configuration with 2π twist in all radial directions matched to the 
perpendicular surface boundary conditions by two nonsingular λ disclinations and two twist 
disclinations. (a) In-plane 3PEF-PM image obtained for cell midplane and linear polarization 
direction of the excitation light marked on the image by a double arrow. (b) A vertical 3PEF-PM 
cross section along the magenta (dark gray) line marked in (a) and for the 3PEF-PM excitation 
light’s polarization direction normal to the image, as marked by a white crossed circle. (c) A 
vertical 3PEF-PM cross section obtained along the yellow (light gray) line shown in (a) and for a 
polarization direction marked by the white double arrow. (d) A schematic showing the axially 
symmetric director structure with the 2π twist in all radial directions and four disclination loops 
matching this twist to the perpendicular surface boundary conditions at the confining substrates. 
The images were obtained using cells with substrates treated with DMOAP and separation of 5 
μm filled with cholesteric LC made of a nematic E7 and chiral dopant CB15.  
 
 
 
 
 

arXiv:1612.09015 P.J. Ackerman et al.
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Helicoids

2π-Helicoids
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Helicoids

Disclinations
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Helicoids

Energetics of the Helicoids
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Helicoids

π-Helicoids
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Helicoids

Linear π-Helicoid
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Y.Antipov and A.S. Fokas , Math. Proc. Camb. Phil Soc. 138, 339-365 (2005).
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Helicoids
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Helicoids

: π-helicoid with strong homeotropic boundary conditions. It has been used the
formula (35) up to k = 10. Cross section at y = 0. The ellipsoids at

(
0, z = ± `

2

)
overlaps with ellipsoids lying along the y axis: disclinations uniformly extended in
y

: The same as in figure 14 from a different perspective.
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Helicoids

: (a) Λ2 = 0.5, (b) Λ2 = 3.5, (c) Λ2 = 7, (d) Λ2 = 14.
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Helicoids

: Numerical / linear approximation (35) at z = 0. (a) Λ2 = 0.5, (b) Λ2 = 3.5, (c)
Λ2 = 7, (d) Λ2 = 14.
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Helicoids

NonLinear π-Helicoids
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Fokas, A. S. and Lenells, J. and Pelloni, B, Boundary Value Problems for
the Elliptic Sine-Gordon Equation in a Semi-strip, J. Nonlin. Sci. 23
(2013), 241–282
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Conclusions

Conclusions

1 Chiral Liquid Crystals are described by models which have
properties similar with other non linear classical field theories.

2 They have 1D extended disclination singularity.
3 CLC, frustrated by adding proper boundary conditions,

possess 2D skyrmionic solutions (spherulites). They are
stabilised by a topological charge. They may have point
singularities at the boundary surfaces.

4 The equation for the spherulite profile is not integrable, but
posses bounded solutions, which cannot be obtained by
perturbing the PIII equation.

5 Actually spherulite lives in 3D. The corresponding optical
properties, in particular polarisation conversion is studied in
its equatorial plane. They are compatible with the
experimental observations.
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Conclusions

6 Helicoid solutions, cal be studied in terms of deformed kinks
of the sine-Gordon equation with boundaries.

7 The 2π-Helicoids possess linear disclination singularities on
the boundary surfaces.

8 The π-Helicoids are asymptotically described by a linear
theory.

9 The exact π-Helicoid is a difficult boundary value problems,
partially by Fokas et al.

10 The full solution of such a problem will be our future aim.
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