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Motivations

Localised objects in quantum/classical nonlinear theories

Topological charges
Skyrme-Faddeev model
@ Spin-Charge Separation of the pure Yang-Mills theory

©e 00 ¢

Fundamental theories/ Condensed Matter Physics

@ 3He — A superfluid
@ 2-band superconductor (Nb-doped SrTiOs, MgB> )
@ Planar Skyrmions in Magnetic Systems

@ Spin-Orbit Dzyaloshinskii-Moriya interaction

Application in information (quantum) technologies as storage/computation tools

(<)

Skyrmion/Spherulites in Liquid Crystals
@ Spontaneous chirality of the cholesteric phase
@ Defects in frustrated Chiral Liquid Crystals

@ Homeotropic anchoring boundary conditions

@ Integrability properties of the models
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Stability of the order parameter configurations
Topological ordering in disordered background
Coexistence/Competition of short/long (UV/IR) wave modes

Knotted and/or linked quasi-1-dimensional configurations

Properties of knots and tangles
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The Chiral Liquid Crystal
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The Chiral Liquid Crystal

The Chiral Liquid Crystal Model

n(r) € RP? x(N=Vxn 71(r)=nxyx

Ero="2(V-n)?+2(n -V xn—q)®+ 2(nx
V x n)? 4 KKl g (0. V)n — (V- n)n] — 5(n-E)?

L
B:{(X,y,Z)ER?’,'Z'S E}

55 = %Ks(l + a(n . V)z) Rapini-Popoular anchoring

A = m de Vries optical rotation
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The Chiral Liquid Crystal

Topological Point Defects in Nematics

: 2D textures with defects - winding charge: a) S =1, b) S = —1/2. 2D textures

with defect: a) S=1,b) S=-1/2.

3D textures with defects: c) Hedgehog, d) Hyperbolic defect
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he Chiral Liquid Crystal

Topological Line Defects in Cholesterics

™ (SO (3) /D2) = {I7 J1, -7 _]767 _e}

cross-section

(@

Figure 3
Equivalences: (a) * wedge disclination = screw dislocation, 7 twist disclination = edge dislocation (after Kleman and
Lavrentovich 2000)

Wedge disclinations in a cholesteric: (a) £ , A (c)
o ZZ2S)

—7.(d) —7*', and (¢) —2' and /" interact
Kleman and Lavrentovich 2000).

] 10/ 41




Spherulites

Spherulites

n(p,¢,z) =cosb(p,z)k +sinb(p,z)p 0 =0(p,2)
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Spherulites

The equation

gzz%—gpgijgZ—pzsianosG:FpTrsin29—7r4 <Eo> sinfcosf =0

0(0,z) =7, 6(c0,z) =0,

920 (p, :l:%) = F27mkssin 0 (p, :l:%) cosf (p, :l:%)

P:ﬁ—”‘ Ey = — v=1L/p ks = Ks/(Kqo)
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Spherulites

Looking for solutions

p—0

Belavin-Polyakov

~2
—4
6 = arccos <€2 ), 5:£
pe+4 Po

op.z)={ 7 5@

PO = 3 <E> = 4mp]

conformal symmetry breaking

27ks cosh ( )

z
pP1
=1—

2mks cosh (ﬁ) + p% sinh (ﬁ)
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Spherulites

P — 0
0%0 100 1
87p2 + ;8710 - sz Sin 20 — O cylindrical Sine-Gordon equation
1
2
o (a(t) p
v 8). (3

) Vit p1

C’//:]-q/2 1/ q3 _i

q t 16t2  16q’

the general Painlevé /1]

a,b,c,deC
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Spherulites

The connection formulae

p1

- 2—(Sal
p—0:  O(pla,B)~aln (;)+i2a+6+0<(p> >7 (ISa| < 2)
1

and

s ok (£) 1 8 (£)54 (o(2) )0 (2)

b+, w related to the Cauchy data by the connection formulas ( Novokshenov )

F(£)V/20F2iwe—Tw sin(2w(n + o))

by = N Ml iw) sin(277) ,e "™ sin(2no) = sin(27n)
1
i 1 r(i-=) _ 1
c=-+4+-a, n=-+ (B+a|n8)+—|n%. b_by = —4iw, |Sw|< =
8 4 4x 27 r<l+£) 2
272
/1 1
w=0by =0b_ =-2j fcos(27r0')77:70'+§+k, keZ
™
. r(i_ic
4
B=— (l—7r +In8>a—2i|n(24) + 4km « = ——arcsinh (ﬁcz) eR™
2 r<1+g) 7r 2
27T 2
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Spherulites

Analytical/ Numericals

e e oo st T |

Comparison between the numerical solution and the analytical linear approximations for & = 1.02.

T . rumo oo Solution |

. Comparison between the numerical solution and the analytical linear approximations for % =15
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Spherulites
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Spherulites
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Spherulites
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Scattering of Light on a CLC cylindrical structure

V(V-E)-V?E =-04D
D=¢, E+ Aen(E-n), Ae=¢|—€L

@ the liquid crystal molecules are not deformed/rotated by wave

@ \~po ie k(w)> L

~ po
© negligible effects of the bounding surfaces
Q V- Ex0
O 0=10(p)

g:gp(p7¢7z) p+5¢(p,¢,z) ¢+5z(,0,¢,2) k

A - [ a
V2E=_K2QE Q=13+ ““nan, k=2 el k=ky14+ 25
€] Cc €]

(V2+K2) (Epp+Esp+Ek) =
—sz—f [(sin05¢ + c050€z) cosOk + (sin6€¢ +cos¢95z) sin6¢] .

Ep ~ EoopsinehPeSP £y s £ 4 cospe™ PSP £, o Eo,ekPSP ¢ 5t p 5 o0
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Scattering of Light on a CLC cylindrical structure

The out plane conversion

E, (1) = Enpetkpeosd 1 / G(r,r)U[E(r), & (F),0(0)] dr

A 1
UIE (1) (1), 0 ()] = -2 (G5in20(5) €)= 5?0 0) £.(1))
€1
vkp +oo
Ef(r):(l—z)Soo(z)giAe € - Ig’—i—2z I,‘ﬁcosm¢],
L \/Tkp m=1
docony (p 5.2 9y = & [L (B¢ ) I¢+2+§I¢ cos me 2
dgb yZi X, Y ) = 32 EH €L pr 0 — m )

)

7 el (De\? vpo 2 > 2
) e
O conv 16 €|| < € > kpo ( 0 + mz::l m

@ Tkpo . s 24/
I (kpo) = _/o sin <2k—po> (Im(s)?)" s ds,
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Scattering of Light on a CLC cylindrical structure

: The numerical values of Z% as function of 0 < m < 50 for three different values
of kpo, precisely 8 (green), 10 (blue) and 12 (cyan).
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Scattering of Light on a CLC cylindrical structure

: The numerical evaluation of the conversion cross section (21), in arbitrary units,
for the three different values of kpg = 8,10, 12.
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Scattering of Light on a CLC cylindrical structure

The out plane conversion

L+k* —M E \ _ 2B 0
M L+ k2 Es ) 7 el \ sin?0&,+ 3sin20E, )
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Scattering of Light on a CLC cylindrical structure
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Scattering of Light on a CLC cylindrical stru e

|5 um

arXiv:1612.09015 P.J. Ackerman et al.
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2m-Helicoids

n (x,y,z::l:é) =k = n(r) = (0, —sin 0 (x, z), cos 0 (x, z))

A2 L E
020 + 020 = —sin20, 0 <X, +- ) = kn (A — T90 )
2 2 2E

6 = 2arctan [X (x) Z (2)]
"
” 4 23 7! 2
X =2ax3+ (N2 —d) X, Z - d-=402(02)
X3+ (A2 - d) 3 - (Z>

A2 —d

A -d>0 X(x)==+ csch( /\27dx>,

0n(x,z) = 2tan? [71- (1C,Jlr€2n) cos <7r ( +L2n) Z) csch (cn /\X):| — sign (x)m
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Helicoids
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Disclinations
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Energetics of the Helicoids

_ _L 2 _ 3\ A272 . 2.3
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m-Helicoids

L T x<0
9(’”‘%)‘{ 0 x>0

0(x,z) > 0(x,z) =0 (Ax,\z), (=ANL,

920 4 020 = Lsin 20, Q(X,z:iz):{ﬂ x<0
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Linear m-Helicoid

0] < 1
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Y.Antipov and A.S. Fokas , Math. Proc. Camb. Phil Soc. 138, 339-365 (2005).
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Helicoids

N
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. m-helicoid with strong homeotropic boundary conditions. It has been used the
formula (35) up to k = 10. Cross section at y = 0. The ellipsoids at (0, z

5)

==

overlaps with ellipsoids lying along the y axis: disclinations uniformly extended in

y
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Numerical Numerical

Analytical

Anlytical

: Numerical / linear approximation (35) at z = 0. (a) A2 = 0.5, (b) A2 = 3.5, (c)

N2 =7, (d) A2 = 14.
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NonLinear 7-Helicoids
e+ == 29

2ty
020 + 020 =5sin©, {@(“—iz)—o Vx>0

O(x=0"2)=7 V]|z[<$

Ox® + Qg)\) [03,9] = Vi(x,z,\)®

@¢+wyﬁﬁﬁpﬂ@mam¢

Vl (X>Z7)\) 8 @

[sinh 2k A? — sinh (2 — 1©)] 02

[(cosh 2k — 1) A — cosh (26 —1©) + 1] 03},
Fokas, A. S. and Lenells, J. and Pelloni, B, Boundary Value Problems for
the Elliptic Sine-Gordon Equation in a Semi-strip, J. Nonlin. Sci. 23

(2013), 241-282
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Conclusions

Conclusions

1 Chiral Liquid Crystals are described by models which have
properties similar with other non linear classical field theories.

2 They have 1D extended disclination singularity.

3 CLC, frustrated by adding proper boundary conditions,
possess 2D skyrmionic solutions (spherulites). They are
stabilised by a topological charge. They may have point
singularities at the boundary surfaces.

4 The equation for the spherulite profile is not integrable, but
posses bounded solutions, which cannot be obtained by
perturbing the PlIl equation.

5 Actually spherulite lives in 3D. The corresponding optical
properties, in particular polarisation conversion is studied in
its equatorial plane. They are compatible with the
experimental observations.
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Conclusions

10

Helicoid solutions, cal be studied in terms of deformed kinks
of the sine-Gordon equation with boundaries.

The 27-Helicoids possess linear disclination singularities on
the boundary surfaces.

The m-Helicoids are asymptotically described by a linear
theory.

The exact m-Helicoid is a difficult boundary value problems,
partially by Fokas et al.

The full solution of such a problem will be our future aim.
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